
Christoph Benzmüller and Luca Pasetto

HOL and Isabelle/HOL 
— Warm-Up — 

ESSLLI 2026



First steps in Isabelle/HOL 
using LLMs 

— Demo —



Liars Street 

— Demo —
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CAN A COMPUTER
CRACK THIS RIDDLE?
On Liar's Street everyone always lies; on Truthteller's Road everyone always tells the truth. From just what Nilda and Carla say, our software works 
out who lives where — by reasoning, not guessing.

T H E  R I D D L E W H A T  T H E  C O M P U T E R  A N S W E R S

LIAR'S STREET
everyone here always lies

TRUTHTELLER'S ROAD
everyone here tells the truth

Nilda says:  “Carla lives on Liar's Street.”

Carla says:  “Neither of us lives on Liar's 
Street.”

Nitpick searched every possible world — and found exactly ONE 
that fits:

TRUTHTELLER'S ROAD Nilda

LIAR'S STREET Carla

The computer can answer in three ways:

1 One answer
solved! ∞ Many answers

ambiguous 0 No answer
paradox
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Surjective Cantor Theorem 

— Demo —



HOL: Well Understood Semantics
HOL with standard semantics: incomplete
HOL with Henkin’s general semantics: semi-decidable & compact

more model structures . . . fewer valid formulas

Important principles are still valid in Henkin’s general models:
I Comprehension (type-restricted): 8G9F 8Xn FXn = G

I Boolean Extensionality: 8P8Q ((P$ Q)! P = Q)
I Functional Extensionality: 8F 8G ((8X F X = G X)! F = G)

Note: Any “Henkin-valid” formula is also valid in standard semantics!

Suggested Reading
I Origin [Church, JSL, 1940]
I Henkin’s general semantics: [Henkin, JSL, 1950] [Andrews, JSL, 1971, 1972]
I Extensionality&Intensionality: [BenzmüllerEtAl., JSL, 2004] [Muskens, JSL, 2007]
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HOL: Expressivity Matters — Surjective Cantor Theorem —

Theorem: There is no surjective map from a set to its powerset.
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HOL: Expressivity Matters — Surjective Cantor Theorem —

Theorem: There is no surjective map from a set to its powerset.

Proof (by contradiction):
Assume there is a surjective G.
Consider the following choice for F: F := {X | ¬X2(G X)}
Then there is an a such that (G a) = F (since G is surj. by ass.)
But then: a2(G a) iff a2F iff ¬a2(G a) (by def. of F)
Contradiction. ⇤

Benzmüller, 2021 10



HOL: Expressivity Matters — Surjective Cantor Theorem —

Theorem: There is no surjective map from a set to its powerset.

HOL ATPs can solve this problem very efficiently

In our Leo provers this works by a combination of (heuristic) guessing
and straightforward resolution and HO unification:

“¬” in F := {X | ¬X2(G X)} is guessed, rest is straightforward

Further reading: [AndrewsEtAl., Automating higher-order logic, 1984]
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HOL: Example Formula — Surjective Cantor Theorem —

Theorem: ¬9Gi�(i�o)8Fi�o9Xi G X = F

represented in HOL (as defined on previous slide) as

¬¬⇧(�Gi�(i�o) ¬(⇧(�Fi�o ¬⇧(�Xi ¬G X = F))))

This is e.g. also the internal representation in our Leo provers.

Benzmüller, 2021 15
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Boolos’ Curious Inference 

— Demo —



The Space of Proofs

When passing from first-order to higher-order logic (more generally: from n-th order to n+1-th order) 

Classic references: 

- - Gödel (1936) “Über die Länge von Beweisen” (claim) 

- - Buss (1994-95) “On Gödel's theorems on lengths of proofs. I-II” (proof) 

- … more

On (hyper-)exponentially smaller/larger proofs:



Who finds the short proof?
Theorem Proving in HOL is undecidable (semi-
decidable for general semantics) and hence often  
considered unsuited for practical applications.

E.g. the KR&R community typically puts a strong 
focus on less expressive logics like FOL or 
decidable fragments of FOL.

With this work we wanted to challenge and attack 
this position with the help of a thought experiment.

If you want to go to heaven, then  
better pick a HOL theorem prover

Two Logicians at the Gates of Heaven



If you want to go to heaven, then  
better pick a HOL theorem prover

HOLly and FOLbert 
• arrive at the gates of heaven and both want to enter 
• but there is space only for one of them

ATP contest is set up to find a winner 
• both are asked to choose a FOL problem an pose it to 

the other 
• both are asked to select either a FOL ATP or a HOL ATP 
• whose ATP solves its problem first wins 
• FOLbert chooses a FOL ATP  
• HOLly chooses a HOL ATP 
• no winner by midnight: contest starts over next day

Only HOLly may win one day, provided 
• she chooses a clever FOL problem for FOLbert to solve

Who finds the short proof?



HOL: Expressivity Matters — Boolos’ Curius Inference —

1. 8n f (n, 1) = s(1)
2. 8x f (1, s(x)) = s(s(f (1, x)))
3. 8n8x f (s(n), s(x)) = f (n, f (s(n), x))
4. D(1)
5. 8x D(x)! D(s(x)))

...
6. D(f (s(s(s(s(1)))), s(s(s(s(1))))))

[George Boolos, A curious inference, J.Phil.Log., 16:1-12, 1987]

Proof in FOL? — yes, but practically infeasible number of proof steps

Proof in HOL? — yes, on one single page
I Key: powerful lemmata as instances of comprehension axioms

See our interactive verification of Boolos’s proof:
[BenzmüllerBrown, The curious inference of Boolos in MIZAR and OMEGA, 2007]

Benzmüller, 2021 11
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D(s(1))    

D(s(s(1))) 
D(s(s(s(1)))) 

… 
D(very-big-num)    

Ackermann- 
Function f 

f(5,5) 
is a 

very-big-num      
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Proof has recently been put into Isabelle/HOL: [Kettland, AFP, 2022] 
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Boolos Curious Inference

Proof has recently 
been put also into 

Isabelle/HOL: 
[Kettland, AFP, 2022] 

Abbreviations



New(!): Automating Boolos Curious Inference

Finding: only the invention of definitions is key — rest can be automated!



New(!): Automating Boolos Curious Inference

Finding: only the invention of definitions is key — rest can be automated!

Short (and more or less 
legible) proofs were found by 
the ATPs:  

cvc5 1.0,  
E(hoh) 3.0,  
Leo-III 1.7.0,  
Vampire 4.7, 
Zipperposition 2.1., 
Z3



Automating Boolos 
Curious Inference

TPTP THF

https://github.com/cbenzmueller/BoolosCuriousInference-ATP/blob/main/Boolos1.p



Automating Boolos 
Curious Inference

IDV display of  
proof by E 3.0

(E.g. clause C48 links to  https://github.com/cbenzmueller/BoolosCuriousInference-ATP/blob/main/Boolos1.proof#L381-L384)

https://github.com/cbenzmueller/BoolosCuriousInference-ATP/blob/main/Boolos1.proof#L381-L384
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Challenge

Automatically find the  
shorthand notations

https://github.com/cbenzmueller/BoolosCuriousInference-ATP/blob/main/Boolos1.p



Observations & Questions

HOL: Expressivity Matters — Boolos’ Curius Inference —

Proofs in HOL can be short, elegant, intuitive

Benzmüller, 2021 12

We need both 
• Robust HOL ATP (cut-elimination) 
• Clever HOL ATP (cut-introduction)

How to achieve the latter 
• Machine Learning & AI? 
• Proof Planning? 
• Combinations of techniques?

Challenge: controlled reasoning 
with cut-strong principles 


