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The bigger context: LogiKEy

* LogiKEy — Logic-pluralistic KR&R framework developed
for more than a decade (going back to jww Larry Paulson;
term LogiKEy going back to jww Xavier Parent and Leon
van der Torre)

* So far primarily (minimal) shallow embeddings: the object
logic as a natural fragment of HOL — good automation

* Recent work (CADE-30, 2025 — propositional): connecting
shallow to deep embeddings, with automated faithfulness

e This talk: quantified case — FML with constant domains

—Binders, substitution, and a Lowenheim-Skolem
argument against uncountable domains
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Deep vs. shallow: complementary strengths

Formulae are ... | an inductive datatype — syntax as first-class data | HOL terms (e.g. via the standard translation)
) axiomatises the logic language inside HOL exhibits the logic as a natural fragment of HOL
Relation to HOL .g 9H99 : . 2 , 9
(datatype + recursive truth predicate) — (essentially) no axioms needed
reasoning about the language: induction over automated reasoning in/using the language, in
Good for ... syntax, substitution, metatheorems (e.g. particular, schematic problem formulations:
Lowenheim-Skolem) sledgehammer proofs, nitpick countermodels
Semantics explicit: defined by primitive recursion implicit: inherited from HOL's own semantics

Vs

Maximal shallow = the bridge:
All semantic dependencies explicitly encoded (as in deep), yet formulae are HOL terms (as in shallow)

.
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FML with constant-domain Kripke semantics

¢, =1X,y) | 7o | pAyp | IX. P | OP (v, D, Vv, o defined as usual)

Model (W, R, I, D): worlds W, accessibility R, world-indexed interpretation |, domain D
Assignment g:V = D

(WR,LD), g, w Er(x,y) iff I(r)(w)(g(x), g(y))
WR,LD), g, wk <>(j) iff 3ve W. R(w,v) A <(WR,LD), g VE (I) e Constant domain — Barcan and converse

e Only binary relations = n-ary definable

Barcan valid

(WRJID), g, wkE3x. ¢ iff 3d e D. <(WR,[,D), g[x—d], w = ¢

* Rigid designators: g world-independent

* Basic FML of Brauner & Ghilardi; 3/¢ primitive
(-, A as expected; validity closes over all models, g into D, w € W)
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1jtheory M nFMInHOL_preliminaries Imports Main
2|begin

P re | i m i n a r i es 3|— ' declare[[sy tax_ambiguity warning 1] nitpick_params[user_axioms,expect=genuine

I~

typedecl D
lypedecl v

- O U

lype synonymBE

type synonymV
type_synonym 2 D= D=kool"
type_synonym v->»bool"
type_synonym A ~w=rEo0l"
type_synonym f = "R=w=R"
type synonym £ =N"

0 O

Types

) s
- D

lype synonym 2 = "1« hcal'

delinition EnvMcdi" V=08 (*_|_~— _ " [110,0,0] 110) where “glx—d Az itz=xthendelseg 2"

lemma L1 [simp]): "x £ v — (gfy—d]) x = g x" by (simp : EnvMced_zef)
lemma L2 "& # & — gla—d-][c—d;] — glc—d:])[a—d1]" by (aute s EnvMod_def)
lemma L3 [simp]): '{g[z—d]) & - d" by (simp : EnvMcd_cef)

lemma L4 [simp]): 'gla—d.][a—d:] - gla—d-]" by (auts : EnvMoc_def)

'
L O~ S U0 s W

Variable assignments

S

-

-,

1
2
3

ege e ege e abbreviatian “reflexve AR A WL R X X
Reflexitivity, symmetry and transitivity abbreviation “symmeirkc = AR, Vi y. A x3
abbreviation "transi: ve = ARt . Yxyz. Ay
- D STxW. s
abbreviation (inpuz) "BAIIW = vx. W x
syntax "'BA|I": pttrn-:logic—boc|—»2o0l® (¢ _ 4" 16,0,10]10)
translations "TxW. o' 2 "CONST BAII W L )"

Notation for bounded quantifiers B L bbceviation (nput) "BEX W = Tx. WX A %
HW.W q) syntax "BbEx":i'ottrss logicss ool = hool* (" 3 B LU L8 BN )

translations "W 2" w "CONST 8k W (Ax. 2)°

=L 1S

S ‘J] NIV NN
-

=

abbreviation (inpuz) "Into” (infix "int0" 100) where firtoD=Y. D (fx)*
abbreviation (input) "Range” where Range f= Ax dy. x = fy"
akbreviation (input) "Ontd®  {infix "¢nte’ 10C} whaere "Tente D= D =Range T’
abbreviation (input) "Subser™ (infix "<’ 100) vwhere *ACDB=0XAxX :
akbreviation (input) "Unien® (infixl "u" 110) where

abbreviation (Input) "Univ" where

Further useful notions

a)) where !

abbreviation (inpuz) Eimp {iInfixr "
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How ValD and ValD’ differ

=d¢: truth in every domain D,
with assignments g ranging into D
— arbitrary / varying domain.

=d’¢p: domain fixed to the full
universe Univ, g unrestricted
— just the single case D = Univ.

Lemma Val: 9 — =9¢
(but: 9" = =9¢)
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1jtheory M nFMInHOL_preliminaries Imports Main
z|begin
declara[[sy tax_ambiguity_warning 1] nitpick_params[user_axioms,expect=genuine
—<Declaraticas snared Letveen the deep, ncaximal-shallkow, ard minimal-shallcw embaddings of FIL in HOL. »

1|theory MinFMLINHOL _deep imports MinFMLin=OL_prelim naries
2|begin

datatype F= AmMDRV V (“_’il') | NegD F ("¢ _" [58]59) | AncD F F (infixr "/ %" 56)
| ExD V. F("3°_ ") | DiaD F (*&°_"[5€]153)

definition OrD (infixr "/ 54) where "o
definition 'mpD (infixr "2 55) where

definition AIID ("v°_. ") where

definition 3oxD ("LY " [5B])59) where
primrec Relat veTruthD: "W AT T faw=Fa

"W.RID)g.wE=2(rex.y)) =1rwi(gx)(gy)
| “(W.R,L.D).g.w =3 (=9,) - (- (W.RILD.g.w1? )
| “WLRILD)aw ="l A% ) = ({(W.RLD).aw |=9¢ A (W,RLD).g.W
| “(W,EILD),gw =3{3% ) = (3d:D. (W,R,1,D),g[x: d],w =2 )"

| “(W,ELD)gW =3 (%) = (GviW. R WV A (W,3,,D,q,v =9 ¢)"

definition valD ("}-< " 9) where ' 2=9vWRIDg.ginto D — (Yw:W. (W,R,|,D) g,w

definition vValD' (*=9"_"9) where g L VR g.VYw. (Univ,R LUniv},g,w |=¢ "

5

lemma Val: o= =" using Val2'_def ValD_def by simp

lemma Valb nonemrptyW: “(i=%2) = [YWRIDqg. (9w. W W) qinto L (Yw:W. (W,R,I1.D) . g.wW
by (smt (verit, cciv_threshcld) ValD_der)

named_theorems CelD lemmas [DafD] = OrD_def ImpD_del AlID_def BoxD_cefl ValD_def valD'_def

end



Maximal shallow embedding

theory MinFMLinHOL shallow imports MinFMLIinHOL_preliminaries
begin
—<Maximal {(heavyweight) shallow embedding of FML in HOL; FML formulas are HOL terms
type_synonym o = "W= A=T=D=E=w=-bool"
—<The five primitive cases
definition AtmS :: "R=V=V=2a" (" _*(__"") where "rs(x,y)=AWRIDgw.|lrw(gx)(gy)"
definition NegS i "o=0" (" = _"[58]159) where " 5z =AMWRIDgw. (2WRIDGgw)"
definition AndS i "o=o=0" (infixr "~s" 56) where "> A¢=AMWRIDgw.oWRIDgwAuwWRIDgw"
definition ExS :: "V=o=0" ("-°_. _"53) where *X.o=AWRIDgw. 4d:D. ¢« WR | D {(g[x<d]) w"
definition DiaS :: "a=¢" ("C= _"[58]159) where >f%: = AWRIDgw.dvW.RwvAeWRIDgv"
—<Derived connectives.>
definition OrS ‘o=o=0" (infixr "vs" 54) where "o vsi:= 35( 5 a5 Sy)"
definition ImpS :: "o—=a=a" (infixr "%" 55) where "¢ 5% = %z vs "
definition AlIS :: "V=a=0a" ("v= . "53) where "X o = —5(=5x. =%)"
definition BoxS :: "o=0c" "0s _"[58]159) where So = (S(OS( 15¢))"
—<Relative truth and validity {(mirroring the deep embedding).>
definition RelTruthS :: "W—= A=T—=D= = W= o—bool" (*{_,_._. ., +~*_"[100,0,0,0,0,100] 100}
where "{WRID}gwl = WRIDgw"
definition ValS :: "o=bool" ("5 _" 9) where "Ese=YWRIDGg.ginto D — ("w:W. {(W.,R|D}.g.w |5 )"
—<Bag of definitions.>
named theorems DefS lemmas DefS_defs [DefS] = AtmS_def NegS_def AndS_def ExS_def BoxS_def OrS_def
ImpS_def AllIS_def DiaS_def RelTruthS_def ValS_def
end

QO ~ O Wb B W N
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Minimal shallow embedding as a locale

theory MINFMLINHOL sha low minimé&l locale Imports MinFMLINHOL preliminarles
begin
locale MinS = fixes iR :: A and |l :: Zand c¢qg :: £ and WW:a W
begin
type_synonym o = "w=bool"

definition AtmM :: "R=V=V=¢" ("_"'(__)") where 7 Aw. Il rw(gg x; 1gg ¥)"
definition NegM :: "g=c" ("= _"[58]59) where 2= AW, (g w)"
definition AndM :: "o=c=0" (Infixr “A™" 56) where UEAW. 2WAUW
definition ExM >7 =0 (binder "3™" 53) where “gmd, P Aw. 3d. & d w"
definition DiaV :: > ("™ _"[58)59) where n, Aw. IVVWW.RR w v/
definition OrM i "o o= (infixr "vm* 54) where > VM b= MMy AT )"
definition ImpM :: =N, (infixr ">mM*"55) where ' DN h= Mo\ "
definition AlIM :: Sor)=s o' (binder "vm" 53) where nd. ‘ .vd.odw"
definition BoyM 2 "c=n' ("Om _"[>8]49) where - = —M[OM(—Mm)}"
definition RelativeTruthM :: "w=o=-bool” ("_ =™ _") where . ME=¢EW
definition YalM :: “o=bool" ("™ “9) where “Emrpo=YWWW. wEm/J"
named_theorems DefM lemmas De’M_defs [Cefl1] = AtmM_def NegM_def AndM_def ExM_def BoxM_def CrM_def

ImpM_def AlIM_def DiaM_def RelativeTruthM_def ValM_def
end
end
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Three interlinked embeddings: deep & max/min shallow

Deep (-)d Maximal shallow (- )s Minimal shallow (-)M

datatype F of formulae 0 = W=>A=>I=D=>E=>w=bool locale MinS (WW, RR, 11, gg)

N : _ — e
truth by primitive recursion every dependency a A-abstraction U= 0=

— metalogical reasoning — standard translation, heavyweight — lightweight, best automation

1|theory MinFMLinHOL_shallow imports MinFMLInHOL_preliminaries 1|theory MINFMLINHOL shallow minimal locale Imports MInFMLINHOL preliminaries

TNegD 7 (=4 _* [58]59) | AncD F F (infixr "7 ¢ FML
DiaD 7 (* £€159) . w=bool"

begin
- )"} where
X. - definition NegS i1 " 58]59) where 2 nat
definition 30xC ("LY _" [58]59) where H : definition AndS i "4#5" 56) where " ] g NRIDg wWRIDgw" definition Atml 5 = ™)) where
3= s _"53) where WRIDg ¢ WRID (g[x—d]) w" definition NegM " "=t _"[58]159) where
orac BelativeTnr R i 0L = "[58]59) where "O%: —AWRIDgw FW. RwvapWRIDgV" definition AndM :: “g=c=>0"  (Infixr “\"™" 56) wher
- - h definition ExM H >T)=>0" (binder "3™" 53) where
definition DiaM o" (" _"[58159) where

type_synonym o

(infixr "v=" 54) where

(infixr "™ 55) where ' definition OrM {infixr "vm* 54) where
(" _"53) where )" definition ImpM (infixr ">m* 55) where
definition valD ("}-< " 9 where 1 WRIDg.ginto D —s 3),g,W ' d {"0s_"[58159) where "Osg ' S definition AIM y (binder * 53) where
definition BoxM Y ("Om _"[58]49) where
._ *_"1100,0,0,0,0,100] 100} —
=oWRIDgw" 0 definition RelativeTruthM > F _")where ¢ ¢
>=%WRIDGg.gintoD » (7 2)" definition ValM :: "o=bhool where ¢ YWw.WW. w

1| definition vaiD' (* "9) where * R w. (Univ,R,1Univ).g.w
emma Val: H =tk o° using YalD'_def ValD_def by simp
emma ValD_nonemp! "(=9¢ ] ) gD v VR, o))" 0 . )
by (smt (erit, ¢ a named_theorems DefM lemmas De’M_defs [Defi] = AtmM_def NegM_def AndM_def ExM_def BoxM_def OrM_def

ImpM_def AlIM_def DiaM_def RelativeTruthM_def ValM_def
named_theorems DefD lemmas [D=fD] = OrD_def ImpD_def AlID_def BoxD_vef ValD_def valD'_def end

faithfulness — machine-checked, largely automated

Further experiment stated and proved in all three variants (d / s / m) — the alignment is operational
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Three interlinked embeddings: deep & max/min shallow

Deep (-)d Maximal shallow (- )s Minimal shallow (- )™

datatype F of formulae — 0 = W=>A=T=D=>E=>w=bool locale MinS (WW, RR, 11, gg)

truth by primitive recursion every dependency a A-abstraction ¢ = w=bool

— metalogical reasoning — standard translation, heavyweight — lightweight, best automation
. J . J

Simple and fully automated difficult

theory MInFM_INHOL_falthfulness_locgle Imports MirFMLINHCL_d=22p MINFMLINHOL _shallow
MinFMLInHOL_shallow_minimal_locale MinFMLINn4OL_deep subst lemma MinFMLINHOL_ElemantarySubs:ructure
begin
fun DpToShS (" ") where
"Trxy) =rixy)|"

O W0 N DU B W -

theorem FaithfulSDlem: “((W,R.1.D).g.w | 1))
by (induLcr ' w; autc : )
13| theorem FaithfulSD: "(}=¢ [»]) < (=7 )" by (simp

» (W.RILD).g.w =9 )

: maithfulSDlem ValD_def ValS_def)
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Faithfulness I: deep < maximal shallow, the easy case

Simple and fully automated

( ) ( )

Deep (:)¢ H .. Maximal shallow (-)3

=4 ¢ — truth by primitive recursion over datatype = [¢] — every dependency A-abstracted
FaithfulSDlem : {WR,JD),g,w = [¢] — (WRJID),g,w = ¢ — all¢p,g,w
FaithfulSD : o] — =4 — validity transfers

* One structural induction on ¢, generalising over g and w — auto closes every case (simp: DefS, DefD)

* Both 3-cases quantify over the full domain D — no named-variable gap, no surjectivity issue

* No substitution machinery needed — the alignment is definitional

Contrast: deep < minimal shallow is the hard case — it needs substitution machinery and Léwenheim-Skolem
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1 theory it FM_ rHOL _deep_subs_benms imports Nin MLnd O _deep

Needed: substitution machinery K&

4| primrec I5_free {Infix "“ree _In® 500) where

f (R (TR E N TRES O

| abbreviation s not x''no ce' «not ‘ree In
fun s_tound (in -

* Needed for the 3-case of the deep <> minimal-shallow oo nd
faithfulness proof — not needed in propositional setting i |~ bourciin (o4

7| abbreviation s not baund (I soure in' 300) where "x rct bound
abbreviation 7t 0 (Infix *rct’ n* QU0) where "x ot 0, xrct tree n o

e The standard first-order toolbox, mechanised once for the
deep embedding:

—free / bound / fresh variables; capture-avoiding |amma 152 % boun

¢ lemima L E:

substitution [x+z]d; substitutability; SubstitutionLemma; [ e e PP

. . . . Ju| lamma 1 9: "mar (fesh el (esh ] rat_bavee_in o By (matic 13 17 max sbs a3 may_ned)

alphabetic renaming; safe substitution [x«z]¢ e Y s e
by {indurt - tgwssimp mebis L3 12)

—size-based induction principles Sinduct, QInduct for the
trickier inductions

by Cinduct 2 auto)
b by {induct o aute)
lemma L1G [srmo)i a A a" mhows "8 N0t fres (e x|lg)y using assms by {irdu

25 lamma Sinduct:

: kss_induct) casa less thus Toasa by
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The obstacle: minimal 3 reaches only Range gg

® gg:V — Dis frozen as a locale parameter; the object 3 is HOL's own
binder — every witness is some gg v

* Plain induction gives FaithfulMDlem: deep & minimal at Range gg only

® Range gg is countable (V = nat), D may be uncountable — full-domain
faithfulness does not follow

V =nat

g8
Worked example — 3x. r(x, y)

deep: trueatw iff 3de D. (IIrw) d (ggy) — the witness d roams all of D
minimal: (IX. r(xX,y)) =Aw. I v V. (Al rw) (gg v) (g2 y)

i.e. true at w iff 3 a € Range gg. (Il rw) a (ggy) — aroams only Range gg

The gap is cardinality, not encoding — classical model theory to the rescue: shrink D instead of stretching gg

ARQNL 2026 - Lisbon - 24 July 2026
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The fix: shrink the domain, don’t grow the syntax

Idea
Replace D by a countable elementary N with the same
truths — a nat-indexed gg can be onto N.

(W,R,I,D>

D possibly uncountable

downward LS

Downward Léwenheim-Skolem
Every model (W, R, |, D) has a countable elementary sub-
model ¢ W', R, I, N) — truth preserved both ways, for all ¢.

(W' R,I[,N>

N countable - elementary

(elementarity thereby preserves truth for nested 3 / ¢ formulas — exactly the formulas that caused the problem)

Faithful at the full domain D — LS is the semantic license for minimalization while keeping V = nat

ARQNL 2026 - Lisbon - 24 July 2026
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Downward Lowenheim-Skolem, mechanised

Every constant-domain Kripke model (W,R,I,D) with countable seeds D, € D, W, C W has a countable
elementary sub-model (W' ,R,|,NV), where D, C N C D and W, C W' C W, so that deep truth is preserved

255|— W
theorem DownwardLowenheimSkclem:
assumes "Do C D" and "Wy C W' and "countable (Collec: Do)" and "countable (Collect Wo)*
shows " INW' . Da CN AN C D A countable (Collect N) A Wo QW' AW' C W A countable (Collect W')
(Vg w. W' w— gintoN — ((W,R,ID),gw € ) = ((W,R,ILN),g,w |=° )"
apply (safe :exl[where x="AN"'Dy;WoW R D"]exl[where x="Y¥Y Do WoW R I D"))
apply (metis A def Do_in_N)

apply (metis assms(1) .\ subset)

apply (metis assms(3) assms(4) countable_\)
apply (simp : Wo_in_W)

apply (metis assms(2) W subset)

apply (metis assms(4) assms(3) countable W)
using N\ valid assms(1,2) apply blast

by (metis assms(2) assms(1) N _valid)

e Entire file (~350 lines): Hilbert-choice witnesses for 3 and ¢ — simultaneous stage-wise saturation of N, W

* First Lowenheim-Skolem mechanisation in the Kripke setting (to our knowledge) — reusable for other embeddings
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theory MInFM_INHOL_falthfulness_loczle Imports MIrFMLINHCL_d=22p MINFMLINHOL _shallow
MinFMLInHOL_shallow_minimzl_locale MinFMLIin4OL_deep_subst_lemma MinFMLIinHOL_ElemantarySubs:ructure

Faithfulness, automated K&

fun DpToShS (" ") where
"Iy = Py | "4 =~ 1 7T
* Translations [-] and (- fun (in MinS) DpToShM (*()") where
"Iri(x.y) = rmix,y)" | "(-92) = ="(A" | "¢ U = (@) A™ (1] (3ov. ) = (3™d. [[ve . dl()D)" | "(
theorem FaithfulSDlem: “((W.,R.1.D},g.w @) «— ((N.RID .g.v; o)
R by (inducr ' w; aute H )
® deep < maximal shallow theorem FaithfulSD: "(}=¢ [»]) < (= ¥)" by (simrp : FaithfuISDlem ValD_def ValS_def)

context MinS
begin
theorem FaithfulMDlem: "(w ="' (2)] «— ((WW.RR.ILLRange ¢gg,.39.w |- ©)"
.. . by (Induct ¢ W t Qinduct; simp : ) blast
° deep < minimal shallow: relative to Range gg theorem FaithfulMD: "(|-™ () — (Yw:NW. (WW/,RR, /| Range 3g!,99,W |9 ©)"
using FaithfulMDlem by (5 mp : ValM_def)
theorem FaithfulMSlem: “(w =™ (o)) « ({(WW,RR,II,R vl
using FaithfulSDlem FaithfulMDlem by aulc
theorem FarrhtulMS: “(=" () — (Iw:WW/. (WW RR, Il Range gq’.30.wW |
using FaithfulMSlem by (simp : VelM_def RelativeTruthM_def)
end

. theorem FaithfulMS_allz *(»W\Y RR Il gg. Ming ValM VW (MInS.CpToSEM RR |1 g WW ) = (=9 )’
Global faithfulness proof(uiiold ValD_de’; safe)
o . . ‘ {
Quantifying over all locale interpretations a2| fix W:wandF i .4and | D and o: and

assume q rro

of MinS recovers exactly deep validity — ———

every locale-level proof transfers to the 5 ultimately interpret M nS_zpecific A z % using Min3_spexific_daf by simp
. . . assume "“YWW KR Il cg. MinS. ValM ViwW (Mirs.Do 1oShM =R I gg WAY ¢f

deep embeddlng in one line. hence *{\WW RR, | Rance gq’.qq,> 2" using FaithruIMD v_in_WW by olast

thus "{(N R,,0).9,% " &" using valid speciic by simp
}
qed(meztis {(mono_tags, lifting) MinS.FaitkfulfAC)

ARQNL 2026 - Lisbon - 24 July 2026




Experiments & Automation+: Prove once, transter for free

e K, necessitation, Barcan & converse
Barcan: valid under constant domain
— uniform one-line tactics, in all
three embeddings

* nitpick disproves invalid schemata
with small countermodels: modal
collapse ¢ > o (2 worlds), agp > ¢
without reflexivity (T correspondence)

Transfer in one line

A theorem proved in every
interpretation of the minimal-shallow
locale is exported to deep validity by
FaithfulMS_all — one “using
MinS_to_Deep’ discharges the deep
goal, no re-proof.

ARQNL 2026 - Lisbon - 24 July 2026

lemma Harcan_ia_d:
lemma Barcan_Dia_s:
lemma Barcan_Dia_m: |
lemma Barcan_Dla_d_conu: "
lemma Barcan Dia s conv: '’
lemma Barcan Dia i conv:

lemma *|
lemma *|-m Pmix x) o™ Om P

lemma *|

lemma ‘=’ Pmix x)

© P9x.x)" untolding
[x,x)" unfolding

Fa(x,x)" unfolding
mPm(x.x)" unfolding

P3(x.,x))" unfolding
“ Pelx,x1)" unfolding
My, &m PYx)" unfolding
A0k PE(Y.x) )" unfalding
x. Ptx,x]1* unfolding

by 54T0
by auto
by aulo
by aute
hy AJT0

m(37x, PYx,%))" unfolding by aulu

apply simp nitpick oops

nitpick oops

apply simp nitpick cops

nitpick oops

lemmas MinS_ta_Deep = FaitA®LIMS_a/[THAFN iffD1, rule_*armat]

T|— I |

lemma (in MnS) Cr¥_s'mg[CefM): "(¢
lemma (in MrS) ImpM_simp[Da*M]: " |-
lemma (in M nS) BoxV_simp[DefM]: "{29,9)

™ (D9PAx,y)

(PU(x.y) DY Bugyx)) DY (v P

. L e |

€ PYy,x))

(X.v]

MW" by (simE :
LB '.I” b"‘ (’il"' 0
by (simp

i OrD_def OrM_def)
tImpl)_der )
: BoxD_def )

Peix,y) " Py, x)))" by {auto

¢ Puly.x))* using MinS_to_D220[CF MinS.K_Mins],




Conclusion — what's new here

» The deep-and-shallow methodology scales from PML to FML — binding and modality together
» Locale-packaged minimal shallow embedding + global faithfulness theorem over all interpretations
» Downward Léwenheim-Skolem for (constant-domain) Kripke semantics, surjectivity obstacle solved

» For LogiKEy: deep—maximal shallow—minimal shallow ... now also for quantified modal logics

Future work: varying domains; multimodal & non-normal modalities; other classical and non-classical logics
(well, we just did MSO in HOL using similar techniques)

MinFMLinHOL — paper, appendix, full Isabelle/HOL development (11 theory files + ROOT)
arXiv:2607.10880 - loads cleanly in current Isabelle/HOL

\ J/
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A6 - Related work in detail

® Benzmiiller & Paulson: minimal shallow embedding of quantified/higher-order modal logic in HOL
(computational metaphysics) — no parallel deep embedding; faithfulness not mechanised inside HOL

* Benzmiiller & Reiche (public announcement logic): shows the need for explicit evaluation-domain
dependencies in a heavyweight shallow embedding — our maximal embedding generalises that pattern

* Kirst & Shillito 2025 (Coq): completeness for first-order bi-intuitionistic logic with constant domains — a
syntactic metatheorem for an intuitionistic logic; ours is a semantic deep—shallow bridge with automated
proof/disproof for a classical modal one

* From 2022: Léwenheim-Skolem for FOL in Isabelle — not for constant-domain Kripke semantics, nor
deployed to bridge embeddings

* Other deep embeddings of FML target metalogical results (completeness, cut-elimination) rather than
mutual faithfulness with shallow embeddings

* Locales are standard for algebraic structures (Ballarin) — using them to package shallow embeddings of
object logics, with a global faithfulness theorem, appears to be new

ARQNL 2026 - Lisbon - 24 July 2026
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Appendix

Backup slides for questions

AT
A2
A3
A4
A5
Ab

Shared preliminaries - locale vs. constants

Substitution machinery (sources)

Lowenheim-Skolem: the construction in detail

FaithfulMS_all: statement and proof (sources)

Experiments: Barcan, converse Barcan, nitpick countermodels

Related work in detail



A1 - Shared preliminaries - locale vs. constants

theory MirFMLInHOL shalloa minmal imports A nF4onHOL fathifulness ocele
o ) 2| begin
declare[[sytax_ambiguity_warning 1] nitpick_paramsfuser_axioms,expect=genuine
| consts RR:: A 11X goss
global_intarpratation Nin's KR 1 gg 'WYi.

5| typedecl D
6] lypedeclw
type synonym KR
type_synonymV
9| type_synonym 2
28| type_synonym }
type_synonym A
17| type_synonym [
type synonym {

notation AtmM * '
and BoxM [* " [58
and Dia™ (= > _ [58

My and NegM (f ot [58]59) and AncM (infixr *~=* 36) and ExM (binder "2 33)
S159) and O (infixa “*54) and ImpM (infiar * '55) and Allt) (binder """ 53)
]

39) and RelatweTrutrN (*_ Jhand valM (= Y 8y and DoToShM (_0")

lype synonym |

: MinFMLinHOL_shallow_minimal.thy — global_interpretation

6] definition EnvModi"d V=D& (_|I_ ~— _ " [110,0,0] 110) where "glx—d 2. itz = xthend els=g 2"

lemma L1 [simp] : > (gl g x" by (simp : EnvMcd_cef)
lemma L2: > gla- [c—d:][a—d:]" by (aute : Enviod_def)

tomma L3 [£imp: “lgla- by (simp add: EnvMcd, 37 * Preliminaries shared by all embeddings: types D, w, R; V := nat;
lemma L4 [simp): 'gla—d.][a—d:] - gla—d-]" by (auts : EnvMoc_def) . . .

2l assignment update g[x+d] with lemmata L1-L4; reflexive/
bbroriation oareitive. = AREA WS sz Ray AR o =T RHE symmetric/transitive; bounded v/3; C, u, Range, Uniyv, into, onto

—_ STwW.

b, abbreviation (inpuz) "BAIIW » = wx X — X' . . . . .
syneax (SR [BTEED "0 10.0,10000) * Locale MinS is the single source of theorems; global_interpretation
R L S ————— with uninterpreted constants RR, Il, gg, WW propagates them — no

32| translations ‘W 20w "CONST 8BV (A 9)" . .
~ edica _ o proof duplication
4] abbreviation (inpuz) "Into® (infix "inw0" 100) where firtoD="D(Fx}*
5| abbreviation (inpuz) "Range” where Range f= Ax Jy. x = fy"
| akkeaviation Copct) (R (ol B 100} where * Why both? nitpick handles uninterpreted constants more reliably
akbreviation (input) "Urien* where A 3

of abbreviation npu) e’ where Um0 T than locale parameters; the locale enables coexisting interpretations
abbreviation (Inpuz) Eimp (infixr - * 50) where " ' , 2 and the global theorem

end

W R

abbreviatian “retlexve

=
2
2
2
>

MinFMLIinHOL_preliminaries.thy
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A2 - Substitution machinery (sources)

1 thuory QirFMLrHOL_ceep_sulis_benm imports Rin-MLneo

2|bugin

e is free, is_bound, fresh (with lemmata L5-L9); irrelevance lemma L12

* Variable-for-variable substitution [x¢z]¢; substitutability predicate is_subst_for;
SubstitutionLemma

* Alphabetic renaming ren_for_subst; safe substitution [xz]$p (= L27, invoked by

| sbbreviotion the 3-case of the faithfulness proof)
abbreviation

1| e e e Size-based induction principles Sinduct and QInduct

* Every modal clause is one line, dispatched by auto/force — the ¢ descends
transparently, like =

lamma i7a =" by (induct
2| lemma L14 ¥ Yo by {indus

* kss Induct) casa less thus Toass by
MinFMLIinHOL_deep_subst_lemma.thy (excerpt)
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A3 - Lowenheim-Skolem: the construction in detail

. Hilbert choice picks an individual witnessing 3%.¢ and an R-successor world witnessing ¢%p; partial
1 Witnesses _ 2 . 9TYe R . S ?
assignments over the free variables of ¢, encoded via finite lists = witness sets stay countable

. . Mutual recursion on stages: V;;; adds existential witnesses, W.;; adds modal witnesses, over
2 Simultaneous saturation
assignments/worlds from stage i; limits V', W are countable unions of countable stages

. (W,RILLN) € (W,R,I,D): both witness conditions hold by construction; coincidence lemma lifts finite
3 Tarski-Vaught test ° /

restrictions to full assignments; worlds use truth-up-to-modal-depth

Packaged for the faithfulness proofs: MinS_ES (elementary-substructure assumption), MinS_ES_Univ (universal domains), MinS_specific (per-model
construction of a bounded RR and a surjective gg = lemma valid_specific).

ARQNL 2026 - Lisbon - 24 July 2026
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A4 - FaithfulMS_all: statement and proof (sources)

(VRR II gg WW. MinS.VaIM RR II gg WW (¢)) = E¢ ¢ — two short tactic invocations in Isabelle

fix K2 Aand | and g::& and »
Interpret MInS speacific Univ Unlv g ¢ xunfolding MInS specific def by simg
assume “YWW RR Il cg. (WW,RR Il,Renge cy) (Univ,RR,/I,Univ
MinS . ValM WW (MinS.DpTeShM RR |1 gg WW )"
hence 'ValM (DpToSEM »)" using ES' by blast
thus "(Univ.E,|,Univ),q,x |- ¢ " using FaithfulMD valid_specific w_in_\VW by blast

+ MinS_ES.FaithfulMD_ES MinS_ES_af)

hd : '
55| theorem FaithfulMS al’: "(vWW RR Il gg. MinS ES Univ ER Il gg WW

MinFMLinHOL_faithfulness_locale.thy — FaithfulMS_all_ES and FaithfulMS_all” (universal domains)

* Right-to-left: unfold deep validity, apply FaithfulMD. Left-to-right: instantiate MinS_specific at the arbitrary model, transfer via valid_specific
(Lowenheim-Skolem), apply FaithfulMD

* Constants-level re-issue in MinFMLinHOL _faithfulness.thy via specification: countable seeds DD, WW_— elementary sub-model DD, WW, gg
of (Univ,RR,II,Univ)
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AS - Experiments: proofs and disproofs (sources)

lemma BF s: | 75X, [x X. P5(x,x)]" unfolding by auto " - . . . .
lomma BF_m: "™ (¢mx, Cm Pr(x.x (v, PTix.x))" unfolding by auto Propositional tautologies, K, necessitation: auto
lemma CEF_d:* 7%, PUR,X)) O (9K U PU(X.XD)" unfolding by aute after unfolding DefD / DefS / DefM
lemma CE- s: '} T P (X . Pix.x]1" unfolding by auto
lemma CEF_m: " " {ymx, P™{x,X X, O™ P™ix.x})" unfolding by autc e Barcan & converse Barcan valid (constant
lemma Harcan_Dia_d:  “}=° (09 (1% P(x,x))) 2° [1°x. ©9 PYx,x))" unfolding by &4t domain) — uniform one-line tactics; ©/3 versions:
lemma Barcan_Dia_s: ' x, Pe[x,x))) =% (3*x, <= Pe[x,x))" unfolding by auto ©3 and 3¢ coincide
lemma Barcan_Dia_ir: “} ‘ X, 2Pn(xxN) W, CmPYoux)" unfolding by aulo
lemma Barcan_Dla_d_conv: "¢ ("X FA(x,x)) o A9k Py x))" unfalding by aute ° nitpick: modal collapse ¢ > o fails by a 2-world
lemma Barcan_Dia_s_conv: ' Pe(x x)) (3*x. Ptix,x]))" unfolding by aum ) ) )
lemma Barcan Dia i conv: "k nx, &M BM(x.x)) M o™ (3T, Pix.x)l" unfolding Ly auto model; o > ¢ fails without reflexive edges (T

: correspondence)
lemma "= (véx. Yo%, (P9x,y) 5% P9y, x)))" unfolding apply simg nitpick cops e Some disproofs use the full-domain relation '=d/

lemma "7 P%x.x “PAx,x)" untolding apply simp nitpick oops
lemma " " x) omom BEmix x) " unfolding nitpick cops

lemma "~ 9" 09 29(x x) Fi(x,x)" unfolding apply simp nitpick cops

lemma "=’ Prix.x) >™ Pm(x.x)" unfolding nitpick oops

lemma "|=9 &9 (39, PA(x,X)) {J4¢x. Fi{x,x)]" unfolding by auto
lemma *} (3. P (%,X)) ¥ P*(%,X)]" unfolding by auto
lemma "= " N {S3My, P™{x,x)) o X F7{x,x)" unfolding | by autc

MinFMLinHOL_experiments.thy (excerpts)
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A6 - Related work in detail

e Benzmiiller & Paulson: minimal shallow embedding of quantified/higher-order modal logic in HOL
(computational metaphysics) — no parallel deep embedding; faithfulness not mechanised inside HOL

e Benzmiiller & Reiche (public announcement logic): shows the need for explicit evaluation-domain dependencies
in a heavyweight shallow embedding — our maximal embedding generalises that pattern

* Kirst & Shillito 2025 (Coq): completeness for first-order bi-intuitionistic logic with constant domains — a syntactic
metatheorem for an intuitionistic logic; ours is a semantic deep-shallow bridge with automated proof/disproof
for a classical modal one

* From 2022: Lowenheim-Skolem for FOL in Isabelle — not for constant-domain Kripke semantics, nor deployed
to bridge embeddings

* Other deep embeddings of FML target metalogical results (completeness, cut-elimination) rather than mutual
faithfulness with shallow embeddings

* | ocales are standard for algebraic structures (Ballarin) — using them to package shallow embeddings of object
logics, with a global faithfulness theorem, appears to be new
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The fix: shrink the domain, don’t grow the syntax

1 Idea
Replace D by a countable elementary N with the same truths — a

nat-indexed gg can be onto N.

(W,R,I,D>

D possibly uncountable

2 Downward Léwenheim-Skolem
Every model (W, R, |, D ) has a countable elementary sub-model

(W', R, I, N) — truth preserved both ways, for all ¢.

downward LS

3 Why elementary \
Transfer is prove-at-N — lift-to-D; elementarity preserves nested 3

(W' R,I[,N>

/ ¢ formulas — exactly the formulas that caused the problem.
N countable - elementary

4 Tarski-Vaught
Turns “preserves all " into “closed under 3- and ¢-witnesses” —

Hilbert choice + stage-wise saturation, countable at each stage.

Faithful at the full domain D — LS is the semantic license for minimalization while keeping V = nat
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