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Introductory Remarks

Computational Metaphysics
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Logic-Pluralistic Knowledge Representation and

Reasoning

LogiKEy
Domain-Specific Language(s)/Theorie(s)

Different modal logics:
K, T, KB, S4, S5, etc

Different quantifiers ‘Eflexible & negotiable et 0 |1’ J ect Logic(s)
Extensional or intensional

etc.
Meta-Logic (HOL)

Origins: 2007-2008 (with L. Paulson) Term LogiKEy: 2017-2019 (with L. van der Torre & X. Parent)
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'Exact’ methods are possible ...
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Philosophy

i 8 4 Es gibt syst<ematische> Methoden zur
Losung aller Probl<eme> (auch Kunst etc.). Theology Mathematics
Es gibt eine wissenschaftliche (exakte)
Ph<ilosophie> {und Th<eologie>}, welche die
Begriffe der hochsten Abstraktheit behandeln.

Universal
Logical Reasoning

and Al/Computer Science
Formal Argumentation
with the Computer

Kurt Godel: Maximen V

History Computational Linguistics

Kurt Gédel (1906-78)

... far beyond the realm of mathematics!



Applying LogiKEy to Godel’s modal ontological
argument

Types, Tableaus and Godel's God in Isabelle/HOL 2017

David Fuenmayor, Christoph Benzmiiller - Archive of Formal Proofs (data publication), 1-34

Work that | will not address here:

Automating Emendations of the Ontological Argument in Intensional Higher-

Order Modal Logic 2017
o AnaIyS|S Of SCOtt ,S Varlaﬂt David Fuenmayor, Christoph Benzmiiller - K/ 2017: Advances in Artificial Intelligence, 40th Annual

German Conference on Al, Dortmund, Germany, September 25-29, 2017, Proceedings

. Analysis of Fitti gle 's variant ( ) (’:ompute.r-sup;.)orted i&{iitlym's of Posnn:e Properties, Ultrafilters and Modal
Collapse in Variants of Godel’s Ontological Argument 2020

Christoph Benzmuiller, David Fuenmayor - Bulletin of the Section of Logic

» Analysis of Anderson’s variant

A Case Study On Computational Hermeneurtics: E. . Lowe's Modal 2020

. Ontological Argument
» Studies of related arguments

David Fuenmayor, Christoph Benzmdiiller - Beyond Faith and Rationalily: Essays on Logic,
Religion and Philosophy

» Studies of (controversially) simplified variants A Simplified Variant of Gédel's Ontological Argument

Christoph Benzmuller - Beyond Babel. Religions and Linguistic Pluralism

Important: In this talk we consider



Rest of this presentation is based on ...

Automating Gédel's Ontological Proof of God's Existence with Higher-

order Automated Theorem Provers
Christoph Benzmiuiller, Bruno Woltzenlogel Paleo - ECA/ 2014

2014

The Inconsistency in Gédel's Ontological Argument: A Success Story

for Al in Metaphysics
Christoph Benzmuller, Bruno Woltzenlogel Paleo - /JCA/ 2016

2016
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Many Logics, One Methodology: A Plea for
Logical Pluralism in Formalised Reasoning
(preprint)

Christoph Benzmuller, Daniel Kirchner, Luca Pasectto

This position statement looks back on wo decades of work an shallow
embdedd/ngs of non-classical 'ogics In classical higher-arder logic
(HOL), a line of research that expanded into a renge of logic
emoeddings in HOL and inspired the LogiKEy logic-pluralistic
knowledge representation and reason ng methodology. This pager
advances the case for logical pluralism at object-'ogic level within a
unifying meta-logical framework such as LogiKEy, groundirg the
argumeant in computational metaphysics. More broadly, it advocates
princigpled support for logical pluralism in modern proof assistants, and
cautions against logical imparialism -- the rigid adoption of a singla
foundzationzl logic for large-scale theory developments -- which
impedes the interdisciplinary reuse that LogiKFy is designed to enabhle.
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Abstract

Notes on Kurt Godel’s modal ontological argument and Dana Scott’s variant of it are presented.

These remarks, supported by experimental studies with a proof assistant system for classical

higher-order logic, implicitly answer some questions the authors have received over the last

decade(s). In addition, some new insights resulting from the conducted experiments are reported.

... and some further, novel insights
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Overview

e HOML in HOL
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y new formal studies

® Godel’s scriptum variant (1970)

a. Godel1: scriptum notion of essence

b. Godel2: modified notion of essence — | | dG

c. Godel3: modified notion of property inclusion — [ | 3G new variant

d. No (perfect) Devil (or Devil = God) — [ ]dG

® Godel’s scriptum variant (1970) and mathematical realism
is (uncountably/maximally) infinite

® Personal conclusion



LogiKEy@work

HOML in HOL



%
® oL theory HOMLINHOL imports Main
I n \ 4 ) begin
' ““_.-V‘. 4 ¢ ; ‘

nitpick _params[user _axioms,expect=genuine,show_all,format=2,max_genuine=3]
declare[[syntax_ambiguity warning= 1]

Unimportant Isabelle/HOL parameter settings

Fig. 3 Shallow embedding of higher-order modal logic (HOML) 1n the classical higher-order logic (HOL)
of Isabclle/HOL utilizing the LogiKEy mcthodology




theory HOMLINHOL imports Main

begin

HOML in HOL

Type i for possible worlds

Type e for individuals KAt "

Type o := (i=>bool) for modal formulas o ¢ o

Type T := (e=>0) for modal predicates Bl rlomatisation where —

Constant r for the accessibility between worlds 13|  Rrefl: "vx. xrx" and Rsymm: "¥xy. Xry — yrx" and Rtrans: "vx y z. Xry A yrz — xrz"
r depending on the logic refl./trans./symm. (K, T,

KB, S4, S5)

nitpick _params[user _axioms,expect=genuine,show_all,format=2,max_genuine=3]
declare[[syntax_ambiguity warning= 1]

typedec| i

O ~JO UTS WN -

Fig. 3 Shallow embedding of higher-order modal logic (HOML) 1n the classical higher-order logic (HOL)
of Isabclle/HOL utilizing the LogiKEy mcthodology




° ey 1|theory HOMLINHOL imports Main
I n ._‘\". d ) 2lbegin

nitpick_params[user _axioms,expect=genuine,show all,fo rmat=2,max_M=3]
declare[[syntax_ambiguity_warning= 1]

typedec| i

typedecl| e lividu
type synonym o = "i=bool"
type synonym = "e=o"
consts R:!"i=i=-bool" (" _r ")
axiomatization where

Rrefl: "vx. xrx" and Rsymm: "¥xy. xnr »yrx" and Rtrans: "Vx vy z. xry A
abbreviation Mbot::io (" L") where "L = Aw. False"
abbreviation Mtop:io (" T") where "T = Aw. True”
abbreviation Mneg:i"o=-c¢" ("= _" [52]53) where AW. =( w)"

Modal logic connectives L. T = AV D <« abbreviation Mand::"o=c=a" (infix| "A" 50) where DAY= AW, 9 WA YW
abbreviation Mor::"s=a=a" (infixl "V" 49) where Vi) = AW. o W

abbreviation Mimp::"o=a=0" (infixr "O" 48) where AW.
abbreviation Mequiv:t!"o=o0=-¢" (Iinfixl "<" 47) where AW

Fig. 3 Shallow embedding of higher-order modal logic (HOML) 1n the classical higher-order logic (HOL)
of Isabclle/HOL utilizing the LogiKEy mcthodology
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I n ._‘\". d ) 2lbegin
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axiomatization where

Rrefl: "vx. xrx" and Rsymm: "¥xy. xnr »yrx" and Rtrans: "Vx vy z. xry A

abbreviation Mbot::io (" L") where "L = A\w. False"
abbreviation Mtop:io (" T") where "T = Aw. True”
abbreviation Mneg:i"o=-c¢" ("= _" [52]53) where AW. =( w)"
abbreviation Mand::"o=0=0" (infix| "A" 50) where , AMW. OWA YW
abbreviation Mor::"s=a=a" (infixl "V" 49) where Vi) = AW. o W
abbreviation Mimp::"o=a=0" (infixr "O" 48) where AW.
abbreviation Mequiv:!"o=o0=-¢" (infixl "=" 47) where

abbreviation Mbox::"o=¢" ('O " [54]55) where

Box and Diamond: []{) (via accessibility r) abbreviation Mdiaz:*o 0" (*0 * [54]55) where

Fig. 3 Shallow embedding of higher-order modal logic (HOML) 1n the classical higher-order logic (HOL)
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° ey 1|theory HOMLINHOL imports Main
I n ._‘\". d ) 2lbegin

nitpick_params[user _axioms,expect=genuine,show all,fo rmat=2,max_M=3]
declare[[syntax_ambiguity_warning= 1]

typedec| i
typedecl| e lividu
type synonym o = "i=bool"
type synonym = "e=o
consts R:!"i=i=-bool" (" _r ")
axiomatization where

Rrefl: "vx. xrx" and Rsymm: "¥xy. xnr »yrx" and Rtrans: "Vx vy z. xry A

abbreviation Mbot::io (" L") where "L = Aw. False"
abbreviation Mtop:io (" T") where "T = Aw. True”
abbreviation Mneg:i"o=-c¢" ("= _" [52]53) where AW. =( w)"
abbreviation Mand::"o=0=0" (infix| "A" 50) where , AMW. OWA YW
abbreviation Mor::"s=a=a" (infixl "V" 49) where Vi) = AW. o W
abbreviation Mimp::"o=a=0" (infixr "O" 48) where AW.
abbreviation Mequiv:!"o=o0=-¢" (infixl "=" 47) where

abbreviation Mbox::"o=¢" ('O " [54]55) where

abbreviation Mdia::"o=-¢" ("¢ _" [54]55) where

Primitive equallty (rlgld, pOIymorph|C) abbreviation Mprimeq::"'a='a=¢" ("_=_") where

abbreviation Mprimneg::“'a=-'"a=o" (-"_;é_“) where

Fig. 3 Shallow embedding of higher-order modal logic (HOML) 1n the classical higher-order logic (HOL)
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abbreviation Mbox::"o=¢" ('O " [54]55) where

abbreviation Mdia::"o=-¢" ("¢ _" [54]55) where

abbreviation Mprimeq::“'a='a=o¢" ("_=_") where
. _ _ 5| abbreviation Mprimneg::“'a=-'a=o" ("_# ") where
Complement & conjunction of modal properties, abbreviation Mnegpred::"7=7" ("~_") where
] abbreviation Mconpred::"r=r=7" (infixl “." 50) where
and eXCIUS|Ve—Or abbreviation Mexclor::"o=0=2" (infixl "v*" 49) where
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HOML in HOL

nitpick_params[user _axioms,expect=genuine,show all,fo rmat=2,max_M=3]
declare[[syntax_ambiguity_warning= 11

typedec] |
typedec| e lividu
type synonym o = "i=bool"
type synonym = "e=o
consts R:!"i=i=-bool" (" r ")
axiomatization where

Rrefl: "vx. xrx" and Rsymm: "¥xy. xn »yrx" and Rtrans: "WxX vy z. Xry Ayrz —

abbreviation Mbot::io (" L") where "L = Aw. False"
abbreviation Mtop:io (" T") where "T = Aw. True”
abbreviation Mneg:i"o=-c¢" ("= _" [52]53) where " - AW. =( w)"
abbreviation Mand::"o=a0=0" (infix| "A" 50) where "OA AW. OW A N
abbreviation Mor::"s=a=a" (infixl "V" 49) where Vi = Aw.
abbreviation Mimp::"o=a=0" (infixr "O" 48) where | AW.
abbreviation Mequiv:!"o=o0=-¢" (infixl "=" 47) where

abbreviation Mbox::"o=¢" ('O " [54]55) where

abbreviation Mdia::"o=-¢" ("¢ _" [54]55) where

abbreviation Mprimeq::“'a='a=o¢" ("_=_") where

abbreviation Mprimneg::"'a=-'a=o" (*_# ") where "XF#EYy = Aw.
abbreviation Mnegpred::“r=7" (" ~_") where " = AX.AVY
abbreviation Mconpred::"r=7m=7" (infixl “." 50) where "$.U = AX.Aw.
abbreviation Mexclor::"o=o=a" (infixl "v*" 49) where "pVeu=(p V) A =lp A )"
. g . . 30| abbreviation Mallposs::"('a=-a)=-c" ("V") where "V& = Aw.Wx. & x w"
Quantifiers (constant domains, polymorphic) abbreviation Mallpossb (binder "v* [8]0) where "W, px) = V"

abbreviation Mexiposs::"('a=c)=c" ("3") where "IP = AW.IX. P X W
abbreviation Mexipossb (binder "3" [8]9) where "X, o(x) = I

Fig. 3 Shallow embedding of higher-order modal logic (HOML) 1n the classical higher-order logic (HOL)
of Isabclle/HOL utilizing the LogiKEy mcthodology




o o\ 1|theory HOMLINHOL imports Main
I n ._‘\". d B 2lbegin

nitpick_params[user _axioms,expect=genuine,show _all,format=2,max_genuine=3]
declare[[syntax_ambiguity_warning= 11

typedec] |
typedecl| e i
type synonym o = "i=bool"
type synonym 7= "e=o"
consts R:!"i=i=-bool" (" r ")
axiomatization where

Rrefl: "vx. xrx" and Rsymm: "¥xvy. xry — yrx" and Rtrans: "vxy z. xry A\
abbreviation Mbot::o (" L") where "L = Aw. False"
abbreviation Mtop:iio (" T") where "T = Aw. True"
abbreviation Mneg:i"o=-c¢" ("= _" [52]53) where ' AW. =(2 w)"
abbreviation Mand::"o=0=0" (infix| "A" 50) where A AMW. OWAUW
abbreviation Mor::"s=a=a" (infixl "V" 49) where Vi AW. oWV rw'
abbreviation Mimp::"o=a0=0" (infixr "O" 48) where AW. QW — |
abbreviation Mequiv:t!"o=o0=-¢" (Iinfixl "<" 47) where , AW. W
abbreviation Mbox::"o=¢" ('O " [54]55) where "O. AW.Yv. wr
abbreviation Mdia::"o=-¢" ("¢ _" [54]55) where "Cpo = AW.dVv.Wrv/
abbreviation Mprimeq::“'a='a=o¢" ("_=_") where "X=y = Aw. Xx=y"

"

abbreviation Mprimneg::"'a=-'a=o" (*_# ") where "X#EY = AW. XF#Y"
abbreviation Mnegpred::“r=7" (" ~_") where " = AXAW.
abbreviation Mconpred::"r=7m=7" (infixl "." 50) where "= AXAW. P XWATY X W
abbreviation Mexclor::"o=0=7a" (infixl "v*" 49) where "oVeu=(o V) A=lo A 0)"

abbreviation Mallposs::"('a=-a)=-¢" ("V") where "VP = Aw.Wx. d x w
abbreviation Mallpossb (binder "v" [8]9) where "Wx. o(x) = V"
abbreviation Mexiposs::"('a=o)=c" ("3") where "IP = AwW.3X. ¢
abbreviation Mexipossb (binder "3" [8]9) where "3IX. o(x) = "

consts existsAt::"e=o" (" @ ")

Quantifiers (varying domains, for individuals) 36| abbreviation Mallact::"(e=c)=c" ("VE") where

abbreviation Mallactb (binder "V=" [8]9) where

(x@w models the existence of x in world w) abbreviation Mexiact::'(e=c)=4" (*3') where

abbreviation Mexiactb (binder "3" [8]9) where

Fig. 3 Shallow embedding of higher-order modal logic (HOML) 1n the classical higher-order logic (HOL)
of Isabclle/HOL utilizing the LogiKEy mcthodology
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abbreviation Mbox::"o=¢" ('O " [54]55) where = \WwW.WYv.wr
abbreviation Mdia::"o=-¢" ("¢ _" [54]55) where "Cpo = AW.dVv.Wrv/
abbreviation Mprimeq::“'a='a=o¢" ("_=_") where "X=y = AW, X=VY
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abbreviation Mallactb (binder "V=" [8]9) where
abbreviation Mexiact::"(e=a)=0c" ("3"") where
abbreviation Mexiactb (binder "3" [8]9) where

Leibniz equality (polymorphic) I abbreviation Mieibeq::*a='a=c* (“/&*) where

Fig. 3 Shallow embedding of higher-order modal logic (HOML) 1n the classical higher-order logic (HOL)
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Notion of validity for modal formulas 43| abbreviation Mvalid::"o=+bool" (*|_|*) where

Fig. 3 Shallow embedding of higher-order modal logic (HOML) 1n the classical higher-order logic (HOL)
of Isabclle/HOL utilizing the LogiKEy mcthodology




o o\ 1|theory HOMLINHOL imports Main
I n ._‘\". d B 2lbegin

nitpick_params[user axioms,expect=genuine,show all,format=2,max_genuine=3]
declare[[syntax_ambiguity_warning= 1)

typedec| i
typedecl| e iy
type_synonym o = "i=-bool"
type synonym r = "e=o
consts R:!"i=i=-bool" (" r ")
axiomatization where

Rrefl: "vx. xrx" and Rsymm: "¥xvy. xry — vyrx" and

abbreviation Mbot:io (" L") where " "L = Aw. False”
abbreviation Mtop:io (" T") where "T = Aw. True"
abbreviation Mneg:i"o=-c¢" ("= _" [52]53) where g "= AW. =(p w)"
abbreviation Mand::"o=a=0" (infixl "A" 50) where § A AW. OWAYUW
abbreviation Mor::"s=0=0" (infix| "V" 49) where § V= W. p WV w!'
abbreviation Mimp::"o=a=0" (infixr "O" 48) where }§ = \W.
abbreviation Mequiv::"o=a0=-c" (infixl "=" 47) whereg

abbreviation Mbox::"o=¢" ('O " [54]55) where |

abbreviation Mdia::"g=¢" ("©C_" [54]55) where

abbreviation Mprimeq::“'a="'a=0c¢" ("_=_") where

abbreviation Mprimneg::"'a=-'a=0" ("_#_") where

A mathemat|C|an WOUId Only 26| abbreviation Mnegpred::"m=7" ("~_") where

abbreviation Mconpred::"r=r=7" (infixl "." 50) whe! ¥

IOOk at these equathnS abbreviation Mexclor::"e=0=0a" (infixl "v*" 49) v;h:r

abbreviation Mallposs::"('a=-a)=-¢" ("V") where l "VO = Aw.¥x. d x w
abbreviation Mallpossb (binder "v" [8]9) where "X, o(x) = V"
abbreviation Mexiposs::"('a=o)=c" ("3") where "IP = AwW.3X. ¢
abbreviation Mexipossb (binder "3" [8]9) where 'IX. o(x) = I

consts existsAtii"e=o" ("_@_")

abbreviation Mallact::"(e=o)=-0" ("Vt") where
abbreviation Mallactb (binder "V=" [8]9) where
abbreviation Mexiact::"(e=a)=0c" ("3"") where
abbreviation Mexiactb (binder "3" [8]9) where

abbreviation Mleibeq::"'a=-'a=o" (" = ") where

abbreviation Mvalid::"o=>bool" (" |") where

Fig. 3 Shallow embedding of higher-order modal logic (HOML) 1n the classical higher-order logic (HOL)
of Isabclle/HOL utilizing the LogiKEy mcthodology




® 1[theory TestsHOML imports HOMLInHOL
® 21begin
18 (ests § *
Py , using Rrefl by blast

4
6/ lemma
7
8

Temma axa: | o,
lemma ax5: "

S5 axioms: valid as expected

Fig.4 Tests and verifications of properties for the embedding of HOML in HOL from Fig. 3



® 1/theory TestsHOML imports HOMLINHOL
I n ] teStS e
) lemma axM: " D¢ o | using Rrefl by blast

lemma axD: "0 D Op|" using Rrefl by blast
lemma axB: "|¢ 2 00y " using Rsymm by blast
"0y > O0p|" using Rtrans by blast

85 axoms. Valid aS expeCted ::::::: ::2 1O D DOy |” using Rsymm Rtrans by blast

Barcan formulas: not valid for 'varying-dom.’ quant. | temma Barcanact: " (vex.0( x)) > B(VEx (¢ )]*  nitpick oops

lemma ConvBarcanAct: "|O(VEx.(p %)) D (VEx.O(p x))|"  nitpick oops

Barcan formulas: valid for ‘constant-dom.’ quant. jomma SurcarPass: | NUURERES NG Dy blast

lemma ConvBarcanPoss:

Fig.4 Tests and verifications of properties for the embedding of HOML in HOL from Fig. 3



® 1/theory TestsHOML imports HOMLINHOL
I n ] teStS e
) lemma axM: " D¢ o | using Rrefl by blast

lemma axD: "0 D Op|" using Rrefl by blast
lemma axB: "|¢ 2 00y " using Rsymm by blast

S5 axioms: valid as expected oran s TERERREL o e B b i
Barcan formulas: not valid for 'varving-dom.’ quant. | lamma Barcanact:  *|(VEx.0(p X)) > O(VEX(33))|* nitpick oops
ying g

. c ; lemma ConvBarcanAct: "|O(VEx.(p %)) D (VEx.O(p x))|"  nitpick oops
Barcan formulas: valid for ‘constant-dom.’ quant. lemma BarcanPoss: "|(¥x,0(px) 3 O(¥x. o x)|" by blast
lemma ConvBarcanPoss: "|O(¥x.(¢ X)) D (¥x.0O(e x)|" by blast

lemma Hilbert_ Al: "|AD (B DA)" by blast
lemma Hilbert A2: "[(AD(B DC)) D(A>B) D(ADC)|" by blast

Hilbert aXiOmS and rUIGS: Valid aS expeCted lemma Hilbert_MP: assumes "|A|" and "|A D B|" shows "|B|" wusing assms by blasl

Fig.4 Tests and verifications of properties for the embedding of HOML in HOL from Fig. 3



® 1|theory TestsHOML imports HOMLInHOL
I n ] teStS e
) lemma axM: " D¢ o | using Rrefl by blast

lemma axD: "|00 D Opl" using Rrefl by blast
lemma axB: "|¢ 2 00y " using Rsymm by blast

S5 axioms: valid as expected o axss IEREEE i fov s o
Barcan formulas: not valid for 'varving-dom.’ quant. | lemma Barcanact:  *|(Vex.Olp X)) > O(VEX.(0X)|* nitpick oops
ying g

. c ; lemma ConvBarcanAct: "|O(VEx.(p %)) D (VEx.O(p x))|"  nitpick oops
Barcan formulas: valid for ‘constant-dom.’ quant. lemma BarcanPoss: *[(¥x.Olp x)) 3 D(¥x. o x)J" by blast
lemma ConvBarcanPoss: "|O(¥x.(¢ X)) D (¥x.0O(e x)|" by blast
5| lemma Hilbert_Al: “AD(B DA " by blast
. . . . lemma Hilbert A2: "[(AD(B DC)) D(A>B) D(ADC)|" by blast
Hllbert aXIOmS and rUIGS. Valld aS expeCted lemma Hilbert MP: assumes "|A|" and "|A D B|" shows "|B|" wusing assms by blasl

lemma Quant_1: assumes "|A|" shows "|Vx:.'a. A|" using assms by autc

lemma EximPossibilistl: "|Jx::e. » X|" by blast

22| lemma EximPossibllistz:
Existential import: - yes, for ‘constant-domain’ quant. =]

lemma EximPossibdilist:

by blast
by blast
by blast
by blast

—qm " e

Fig.4 Tests and verifications of properties for the embedding of HOML in HOL from Fig. 3



® 1/theory TestsHOML imports HOMLInHOL
I n ] teStS e
o lemma axM: " Og 2 ¢|" using Rrefl by blast

lemma axD: "|0p D Opl" using Rrefl by blast
lemma axB: "|¢ 2 00p " using Rsymm by blast

S5 axioms: valid as expected e axs NEPERREEE oing Revmn R by D
Barcan formulas: not valid for 'varving-dom.’ quant. 1 ' (VEx.Olp X)) > DVEX(@X)]*  nitpick oops
ying g

. c ; lemma ConvBarcanAct: "|O(VEx.(p %)) D (VEx.O(p x))|"  nitpick oops
Barcan formulas: valid for ‘constant-dom.’ quant. lemma BarcanPoss: "|(¥x,0(px) 3 O(¥x. o x)|" by blast
lemma ConvBarcanPoss: "|DO(Vx.(¢ X)) D (Vx.O(e x)|" by blast
5| lemma Hilbert_Al: “AD(B DA " by blast
. . . . lemma Hilbert A2: "[(AD(B DC)) D(A>B) D(ADC)|" by blast
Hllbert aXIOmS and rUIGS. Valld aS expeCted lemma Hilbert_MP: assumes "|A|" and "|A D B|" shows "|B|" wusing assms by blasl
Ieﬁvlma Quant_1: as .uun". “IAl" shows " | V¥x:.'a. A.," using assms by autc
lemma ExImPossibilistl: " 3x::e. » X |" by blast
22| lemma EximPossibilistZ: "|3x::e. x KIS by blast
] " " . 1 LA lemma EximPcssibilist3: "|3x:e. x = ¢ by blast
Existential import:  yes, for ‘constant-domain’ quant. Jamma BximPossibillstd: LB by blest
25| lemma EximPossidilist: "| dx::'a. ™ by blast

—
e
-

"IvEx:ie. Al" using assms by auto

lemma Quant _2: assumes "

lemma EximActualistl: "

Existential import: no, for ‘varying-domain’ quant. j lomma BamActuelist2: HIESERE

nitpick[card=1] cops
nitpick[card=1] cops
nitpick[card=1] oops
nitpick[card=1] oops

lemma EximActualist3:
lemma EximActualist:

e )

Fig.4 Tests and verifications of properties for the embedding of HOML in HOL from Fig. 3



® 1/theory TestsHOML imports HOMLInHOL
I n ] teStS e
® lemma OKV: 100 D 2|" using Rrefl by blast

lemma axD: "“|0p D Opl” using Rrefl by blast
lemma axB: "|¢ 2 00y " using Rsymm by blast

using Rtrans by blast
using Rsymm Rtrans by blast

S5 axioms: valid as expected posivurdl
Barcan formulas: not valid for ’varying-dom.’ quant.
Barcan formulas: valid for ‘constant-dom.’ quant.

lemma BarcanAct: "(VEx.O(p x)) D O(VEx.(» x))|* nitpick oops
lemma ConvBarcanAct: "|O(VEx.(p %)) D (VEx.O(p x))|"  nitpick oops
lemma BarcanPoss: "[(VX.O(¢ x)) O O(Vx. ¢ x)|" by blast
lemma ConvBarcanPoss: "|DO(Vx.(¢ X)) D (Vx.O(e x)|" by blast

lemma Hilbert_ Al: "|AD (B DA)" by blast
lemma Hilbert A2: "[(AD(B DC)) D(A>B) D(ADC)|" by blast
lemma Hilbert MP: assumes "|A|" and "|A D B|" shows "|B|" wusing assms by blasl

Hilbert axioms and rules: valid as expected

lemma Quant_1: assumes "|A|" shows "|Vx:.'a. A|" using assms by autc

Existential import:  yes, for ‘constant-domain’ quant.

lemma ExImPossibilistl: "
lemma EximPossiblilistz:
lemma ExImPessibilist3: "
lemma EximPossibilist4: "

lemma EximPossibdilist:

by blast
by blast
by blast
by blast
by blast

e
-

"IvEx:ie. Al" using assms by auto

lemma Quant _2: assumes "

lemma EximActualistl: "
lemma EximActualist2: "

3 nitpick[card=1] cops
4

lemma EximActualist3: "|3%x::
i

nitpick[card=1] cops
nitpick[card=1)] oops

Existential import: no, for ‘varying-domain’ quant.

lemma EximActualist: nitpick[card=1] oops

lemma EqRefi: = . by blast

lemma EqSym: "MTX=y) e (y=x)|" by blast

36/ lemma EqTrans: "TMx=y) Aly=2)) OD(x = 2)|" by blast

" " : " lemma EQCong: '"IX=y) Dl Xx)=(oy)]" by blast
Propertles Of equallty' Valld aS expeCted lemma EQFuncExt: "[(yp = ) O (V. ({p x) = (v x)))]" by blast

lemma EQBoolEXt]:

“I(
lemma EQBoolExt2: "|(. [
lemma EQBoolExt3: "|( y) |

lemma EqPrimLeib: "|[(x =y) &« (X =vY)

=) D(p « )|" by blast
) D (p = ¢)|" nitpick[card=2] oops
) v | (p = )" by blast

. by auto

(except for Boolean extensionality)

Fig.4 Tests and verifications of properties for the embedding of HOML in HOL from Fig. 3




® 1/theory TestsHOML imports HOMLINHOL
I n ] teStS e
@) lemma axv: “10¢ D ¢|" using Rrefl by blast

lemma axD: "|0p D Op|" using Rrefl by blast
lemma axB: "|¢ O OO0y " using Rsymm by kblast

S5 axioms: valid as expected o oo DERERERE  uing Rev Al b iy
Barcan formulas: not valid for 'varving-dom.’ quant. 1 ' (VEx.Olp X)) > D(VEX(GX)]*  nitplck cops
ying g

. ¢ y lemma ConvBarcanAct: "|O(VEx.(p %)) D (VEx.O(p x))|"  nitpick oops
Barcan formulas: valid for ‘constant-dom.’ quant. emma BarcanPoss:  *|(Vx.Olp x)) 5 D(¥x. 0 x)J* by blast
lemma ConvBarcanPoss: "|D(¥x.( X)) D (Vx.0O(x x)|" by blast
5| lemma Hilbert_Al: “AD(B DA " by blast
. . . . lemma Hilbert A2: "[(AD(B DC)) D(A>B) D(ADC)|" by blast
Hllbert aXIOmS and rUIGS. Valld aS expeCted lemma Hilbert MP: assumes "|A|" and "|A D B|" shows "|B|" wusing assms by blasl
lemma Quant_1: as .;umb-. “TAl" shows "|V¥x:.'a, A" using assms by autc
lemma ExImPossibilistl: " 3x::e. » X by blast
22| lemma EximPossibilistZ: "|3x::e. x KIS by blast
: . . . € ) lemma EximPcssibilist3: "| 3dx:iie. x =t by blast
Existential import:  yes, for ‘constant-domain’ quant. jamrma Eximpcsalbiistas TS RS o b blast
25| lemma EximPessibilist: | dx:'a, T|" by blast

-
-

lemma Quant _2: assumes " "|vEx::e. Al" using assms by auto

lemma EximActualistl: " 9%x::e. x

Existential import: no, for ‘varying-domain’ quant. j lomima Divvicuiles puy

nitpick[card=1] cops
nitpick[card=1] cops
nitpick[card=1] oops

— .

lemma EximActualist: "|J%x: nitpick[card=1] oops

lemma EqRefi: "IX = x|" by blast

lemma EqSym: "TxX=y) ey =x)|" by blast

) ) ] 36] lemma EqTrans: "Tx=y)Aly=2)) D(x =2)|" by bDlast

: lemma EQCong: " (X =y) D ((yX) = (py))" by blast

Propertles Of equallty' Valld aS eXpeCted lemma EQFuncExt: "[(yp = ) O (V. ({p x) = (v x)))]" by blast

(except for Boolean extensionality) B o oo,
lemma EQBoolExt3: "
lemma EqPrimLeib: "

FU” COmprehenS|On_ Valld aS expected lemma Comprehensionl: "|3,. ¥x. (. ' ' " by force

lemma Comprehension2: " . YX, ' A > by force
lemma Comprehension3: " X Y. (XY AXy)|" by force

( , | by blast
(4 o= )" nitpick[card=2] oops
( )| — | (y )" by blast
(X by auto

Fig.4 Tests and verifications of properties for the embedding of HOML in HOL from Fig. 3




® 1/theory TestsHOML imports HOMLINHOL
I n ] teStS e
@) lemma axv: “10¢ D ¢|" using Rrefl by blast

lemma axD: "|0p D Op|" using Rrefl by blast
lemma axB: "|¢ O OO0y " using Rsymm by kblast

S5 axioms: valid as expected o oo DERERERE  uing Rev Al b iy
Barcan formulas: not valid for 'varving-dom.’ quant. 1 ' (VEx.Olp X)) > D(VEX(GX)]*  nitplck cops
ying g

. ¢ y lemma ConvBarcanAct: "|O(VEx.(p %)) D (VEx.O(p x))|"  nitpick oops
Barcan formulas: valid for ‘constant-dom.’ quant. emma BarcanPoss:  *|(Vx.Olp x)) 5 D(¥x. 0 x)J* by blast
lemma ConvBarcanPoss: "|D(¥x.( X)) D (Vx.0O(x x)|" by blast
5| lemma Hilbert_Al: “AD(B DA " by blast
. . . . lemma Hilbert A2: "[(AD(B DC)) D(A>B) D(ADC)|" by blast
Hllbert aXIOmS and rUIGS. Valld aS expeCted lemma Hilbert MP: assumes "|A|" and "|A D B|" shows "|B|" wusing assms by blasl
lemma Quant_1: as .;umb-. “TAl" shows "|V¥x:.'a, A" using assms by autc
lemma ExImPossibilistl: " 3x::e. » X by blast
22| lemma EximPossibilistZ: "|3x::e. x KIS by blast
: . . . € ) lemma EximPcssibilist3: "| 3dx:iie. x =t by blast
Existential import:  yes, for ‘constant-domain’ quant. jamrma Eximpcsalbiistas TS RS o b blast
25| lemma EximPessibilist: | dx:'a, T|" by blast

-
-

lemma Quant _2: assumes " "|vEx::e. Al" using assms by auto

lemma EximActualistl: " 9%x::e. x

Existential import: no, for ‘varying-domain’ quant. j lomima Divvicuiles puy

nitpick[card=1] cops
nitpick[card=1] cops
nitpick[card=1] oops

— .

lemma EximActualist: "|J%x: nitpick[card=1] oops

lemma EqRefi: "IX = x|" by blast

lemma EqSym: "TxX=y) ey =x)|" by blast

) ) ] 36] lemma EqTrans: "Tx=y)Aly=2)) D(x =2)|" by bDlast

: lemma EQCong: " (X =y) D ((yX) = (py))" by blast

Propertles Of equallty' Valld aS eXpeCted lemma EQFuncExt: "[(yp = ) O (V. ({p x) = (v x)))]" by blast

(except for Boolean extensionality) B o oo,
lemma EQBoolExt3: "
lemma EqPrimLeib: "

FU” COmprehenS|On_ Valld aS expected lemma Comprehensionl: "|3,. ¥x. (. ' ' " by force

lemma Comprehension2: " . YX, ' A > by force
lemma Comprehension3: " X Y. (XY AXxXy)l"® by force

( , | by blast
(4 o= )" nitpick[card=2] oops
( )| — | (y )" by blast
(X by auto

lemma McdalCollapse: " . P = IE nitpick[card=2] oops

Modal collapse: not valid

Fig.4 Tests and verifications of properties for the embedding of HOML in HOL from Fig. 3



® 1theory TestsHOML imports HOMLINHOL
I n ] teStS e
@) lemma OKV: “10¢ D ¢|" using Rrefl by blast

lemma axD: "|0p D Op|" using Rrefl by blast
lemma axB: "|¢ 2 00y " using Rsymm by blast

S5 axioms: valid as expected emma a5t "[0p 3 DOA*  using Reymm Rirans by biac
Barcan formulas: not valid for 'varying-dom.’ quant. )| temma Barcanact: " (vex.0( x)) > B(VEx.(p )|*  nitpick oops

. ¢ y lemma ConvBarcanAct: "|O(VEx.(p %)) D (VEx.O(p x))|"  nitpick oops
Barcan formulas: valid for ‘constant-dom.’ quant. jemma BarcanPoss:  *|(¥x.0(x X)) 5 O(Vx. o x)J* by blast
lemma ConvBarcanPoss: "|D(¥x.( X)) D (Vx.0O(x x)|" by blast
5| lemma Hilbert_Al: “AD(B DA " by blast
. . . . lemma Hilbert A2: "[(AD(B DC)) D(A>B) D(ADC)|" by blast
Hllbert aXIOmS and rUIGS. Valld aS expeCted lemma Hilbert_MP: assumes "|A|" and "|A D B|" shows "|B|" wusing assms by blasl
lemma Quant_1: assums s " g § vs "l Wx:'a, A" using assms by autc
lemma ExImPossibilistl: | Ix:e. x = » by blast
22| lemma EximPossibilistZ: "|3x::e. x X |" by blast
. . . . . P lemma EximPossibilist3: "|3x:e. x = by blast
Existential import:  yes, for ‘constant-domain’ quant. o Eximposaiiiets: HRTHR b biast
251 lemma EximPessibilist: " dx::'a. = by blast

-
-

lemma Quant _2: assumes " "|vEx:iie. Al" using assms by auto

lemma EximActualistl: " ' nitpick[card=1]) cops
. . . - ¢ . I J ) | E Actualist2: " itpick d=1 .
Existential import: no, for ‘varying-domain’ quant. A BamActsiisti S nitpick[card=1] oop

nitpick[card=1] oops

—

lemma EximActualist: | d5x nitpick[card=1] oops

lemma EqRefi: "IX = x|" by blast

lemma EqSym: "MTX=y) e (y=x)|" by blast

) ) ] 36/ lemma EqTrans: "Tix=y) Aly=2)) OD(x =2)|" by blast

o lemma EQCong: ‘(X =y) D ((¢X) = (oy)]" by blast

Propertles Of equallty' Valld aS eXpeCted lemma EQFuncExt: "[(p = )k by blast

(except for Boolean extensionality) [

lemma EQBoolExt3:
lemma EqPrimLeib: "

( | by blast
(4 o= )" nitpick[card=2] oops
( )| — | (4 N " by blast
(X by auto

FU” COmprehenSK)n_ Valld aS expected lemma Comprehensionl: " by force

0. V¥
lemma Comprehension2: "|3,.. Yx. ' A x)|" by force
lemma Comprehension3: "|3,.. V | by force

i . lemma McdalCollapse: "|V,. » D 0Opl" nitpick[card=2] oops
Modal collapse: not valid
lemma TruePropertyAndSelfldentity: “IAx:;;e. T) = (Ax, x = x)|* by blast
lemma EmptyPropertyAndSelfDifference: "|(Ax::e. L) = (AX, X # %) " by blast
lemma EmptyProperty2: "| 3x. o x | 3 (Ax:e. L)|" by blast
universal property = self-identity lemma EmptyProperty3: *| 3¢x. x| — [ # (e, L))" by blast

ot

Absurd/empty property = self-difference sélen

Fig.4 Tests and verifications of properties for the embedding of HOML in HOL from Fig. 3



HOML in HOL: modal (ultra)tilter

1ltheory ModalFilter imports HOMLInHOL

2l begin
type synonym m="e=o" e —————— A A
abbreviation Element::"r=(r=0)=0" (infix "€" 90) where§ "o,eS=S,"
Set operations abbreviation EmptySet::7 ("0") where ' "0 = Ax. 1"

lifted to abbreviation UniversalSet::7 ("U") where : "U= . T"

abbreviation Subset::"=7r—=0" (Iinfix "C" 80) where "o Cy = WX.(( X) D (v X

the HOML level abbreviation SubsetE::"r=7=0" (Iinfix "CE" 80) where ' "OCEY = VEX.((o X) D ( i
abbreviation Intersection == (Infix "MN" 91) where eint AX. x) A (v x))"
abbreviation Inverse::"r=7" (") where _ |
abbreviatior} "Filter & - Ued A ~(DeD) A (Vo
abbreviatio f"UFllter O = Filter ® A (Vo. 0€D V ( 1- )e )" ..
abbreviatio ’?"FilterP P =Ued A ~(0e€P) A (Vo ). p€P A oC0 D UVEDP) A (Vo 1. 0 €D A VEDP D oMV ED)" §

| abbreviatior§ "UFilterP & = FilterP & A (Vo. 0€0 V (0)ed)"

N N . - IE - B PPy g . & T e e ia el =

Fig.5 Set filter and ultrafilter formalized for our modal logic setting

Notions of filter and ultrafilter lifted to the HOML level (for varying-/constant-dom. quant.)
- contains the universal set, but not the empty set

- closed under supersets and intersection

- maximal (only for ultrafilters)
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o0
G O d e I 1 |theory GoedelVariantHOML1 imports HOMLInHOL
begin

consts PositiveProperty::"(e=>o)=0" ("P")

Positive properties: P axiomatization where Ax1: “|Po AP¢¥ DP(p . ¢)|"
axiomatization where Ax2a: "[P o VEP ~p|"
Axtom Ax1: Po A Pyr D P(p . 1)
Axiom Ax2a: Po V¢ P~¢

P: Positive properties (intensions)

AXx1:
The conjunction of two positive properties is
positive.

AXx2a:
Either a property or its complement is
positive.

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent



o0
O d e I 1 <theory GoedelVariantHOML1 imports HOMLInHOL
begin

consts PositiveProperty::"(e=-o)=0c" ("P")
axiomatization where AX1: "IPo AP¢Y DP(p . )|"
axiomatization where Ax2a: "[P o VEP ~p|"

Definition of God-like: G x =Vo. Pp D ¢px definition God ("G") where "G x = V. P » D © X"

G(od-like):
An entity x is God-like

Iff
It possesses all positive properties.

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent




theory GoedelVariantHOML1 imports HOMLInHOL

begin
consts PositiveProperty::"(e=o)=0c" ("P")
axiomatization where Ax1: "[Po AP¥ DP(p . ¥)|"
axiomatization where Ax2a: "[P o VEP ~p|"
definition God ("G") where "G x=Vo.Po D o x"
abbreviation Propertyinclusion (*_Dn_") where " Dy v
definition Essence (" Ess. ") where "y Ess. x = V.

odel 1

OO UL B WN -

Definition of Essence: o Ess. x = VY. x D (¢ Dy V)

Ess(ence):
A property @ is an essence of x

Iff
all properties of x are necessarily implied by @.

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent




odel 1

Axiom Ax2b: P ¢ D

theory GoedelVariantHOML1 imports HOMLInHOL

begin
consts PositiveProperty::"(e=o)=0c" ("P")
axiomatization where Ax1: "|Po APY DP(p . )/
axiomatization where Ax2a: "[P o VEP ~p|"
definition God ("G") where "G x=Vo.Po D o x"
abbreviation PropertyInclusion (*_Dn_") where "o Dy
definition Essence (" Ess. ") where ", Ess. x = V..
axiomatization where Ax2b: "|P» D OP ¢|"

O OO ~JNOO UL S WN -

AXx2Db:
Positive properties are necessarily positive.

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent




odel 1

Axiom Ax2b: P ¢ D

theory GoedelVariantHOML1 imports HOMLInHOL
begin
consts PositiveProperty::"(e=o)=0c" ("P")
axiomatization where AX1: "([Po AP¢Y D P(p . )"
axiomatization where Ax2a: "[P o VEP ~p|"
definition God ("G") where "G x=Vo.Po D o x"
abbreviation Propertyinclusion (* Dy ") where "p Dy v = O(VEY. oy D v y)
definition Essence (" Ess. ") where "o Ess. x = V. ¥ X D (¢ Dn )"
axiomatization where Ax2b: "|P D OP p|"
lemma Ax2b': "| =P ¢ D O(=P ¢)|" using Ax2a Ax2b by blast

©WOWOONOO UL H WN

.

Lemma:
Non-positive properties are necessarily
non-positive.

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent




theory GoedelVariantHOML1 imports HOMLInHOL
begin
consts PositiveProperty::"(e=o)=0c" ("P")
axiomatization where AX1: "([Po AP¢Y D P(p . )"
axiomatization where Ax2a: "[P o VEP ~p|"
definition God ("G") where "G x=Vo.Po D o x"
abbreviation Propertyinclusion (* Dy ") where "p Dy v = O(VEY. oy D v y)
definition Essence (" Ess. ") where "o Ess. x = V. ¥ X D (¢ Dn )"
axiomatization where Ax2b: "|P D OP p|"
lemma Ax2b': "| =P ¢ D O(=P ¢)|" using Ax2a Ax2b by blast
theorem Thl: "|G x D G Ess. x|" using Ax2a Ax2b Essence_def God_def by (smt (verit))

odel 1

O WO NO U A WN

-

Theorem Thi: G x D G Ess. x

Theorem 1:
Being God-like is an essence
of every God-like entity.

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent




theory GoedelVariantHOML1 imports HOMLInHOL
begin
consts PositiveProperty::"(e=o)=0c" ("P")
axiomatization where AX1: "([Po AP¢Y D P(p . )"
axiomatization where Ax2a: "[P o VEP ~p|"
definition God ("G") where "G x=Vo.Po D o x"
abbreviation Propertyinclusion (" Dn ") where "o Dy v = O(VEY. oy D v y)"
definition Essence (" Ess. ") where "oESS. X=Vu. v X D (o Dn )"
axiomatization where Ax2b: » D OPy¢
lemma Ax2b': "| =P ¢ D O(=P ¢ [ usmg Ax2a Ax2b by blast

L : T theorem Thl: “|G X 3 G Ess. x" using Ax2a Ax2b Essence def God def by (smt (verit))
Definition of Necessary Existence: E x = Vg.p Ess. x D L1(3°x. ¢ x) definition NecExist ("E") where "E x = V.. © Ess. X D O(3x. © x)"

1 axiomatization where Ax3: "|P E|"
Axiom Ax3: PE P E]

E(xistence):
X has the property of existence
Iff
all essences of x are necessarily exemplified.

Godel 1

OO UL B WN -

AXx3:
E(xistence) is a positive property.

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent




odel 1

Theorem Th2: G x O (EIEy. Gy)

theory GoedelVariantHOML1 imports HOMLIinHOL

begin
consts PositiveProperty::"(e=o)=0c" ("P")
axiomatization where AX1: "([Po AP¢Y D P(p . )"
axiomatization where Ax2a: "[P o VEP ~p|"
definition God ("G") where "G x=Vo.P o D o x"
abbreviation Propertyinclusion (* Dy ") where "p Dy v = O(VEY. oy D v y)"
definition Essence (" Ess. ") where "p Ess. x = V. v X D (¢ Dn )"
axiomatization where Ax2b: "|P D OP p|"
lemma Ax2b': "| =P ¢ D O(=P ¢)|" using Ax2a Ax2b by blast
theorem Thl: "|G x D G Ess. x|" using Ax2a Ax2b Essence_def God_def by (smt (verit))
definition NecExist ("E") where "E X = V. 0 Ess. x D O(3%x. © x)"
axiomatization where Ax3: "|P E|"
theorem Th2: "|G x D O(3%y. G y)|" using Ax3 Thl God_def NecExist def by smt

0O ~NO UTLH WN

Theorem 2:
If X iIs God-like, then the property of being
God-like is necessarily exemplified.

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent




odel 1

Theorem Th3: O(3Ex.Gx) DO

Logic KB (Rsymm) needed here

theory GoedelVariantHOML1 imports HOMLIinHOL
begin
consts PositiveProperty::"(e=o)=0c" ("P")
axiomatization where AX1: "([Po AP¢Y D P(p . )"
axiomatization where Ax2a: "[P o VEP ~p|"
definition God ("G") where "G x=Vo.P o D o x"
abbreviation Propertyinclusion (* Dy ") where "p Dy v = O(VEY. oy D v y)"
definition Essence (" Ess. ") where "p Ess. x = V. v X D (¢ Dn )"
axiomatization where Ax2b: "|P D OP p|"
lemma Ax2b': "| =P ¢ D O(=P ¢)|" using Ax2a Ax2b by blast
theorem Thl: "|G x D G Ess. x|" using Ax2a Ax2b Essence_def God_def by (smt (verit))
definition NecExist ("E") where "E X = V. 0 Ess. x D O(3%x. © x)"
axiomatization where Ax3: "|P E|"
theorem Th2: "|G x D O(3%y. G y)|" using Ax3 Thl God def NecExist def by smt
theorem Th3: "| &(35x. G x) D O(3%y. G y)|" sledgehammer(Th2 Rsymm) P
proof -
have 1: "|(3%x. G x) D O(3%y. G y)|" using Th2 by blast
have 2: "| O(3%x. G x) D ©0O(3%y. G y)|" using 1 by blast
have 3: "| O(3%. G x) D O(3%y. G y)|" using 2 Rsymm by blast
?thesis by blast

0O ~NO UTLH WN

qed

Theorem:
The possible existence of a God-like entity
implies the necessary existence of a God-
like entity.

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent




theory GoedelVariantHOML1 imports HOMLInHOL
begin

consts PositiveProperty::"(e=o)=0c" ("P")
axiomatization where AX1: "([Po AP¢Y D P(p . )"
axiomatization where Ax2a: "[P o VEP ~p|"
definition God ("G") where "G x=Vo.Po D o x"
abbreviation Propertyinclusion (* Dy ") where "p Dy v = O(VEY. oy D v y)
definition Essence (" Ess. ") where "p Ess. x = V. v X D (¢ Dn )"
axiomatization where Ax2b: "|P D OP p|"
lemma Ax2b': "| =P ¢ D O(=P ¢)|" using Ax2a Ax2b by blast
theorem Thl: "|G x D G Ess. x|" using Ax2a Ax2b Essence_def God_def by (smt (verit))
definition NecExist ("E") where "E X = Vo. 0 Ess. x D O(3%x. © x)"
axiomatization where Ax3: "|P E|"
theorem Th2: "|G x D O(3%y. G y)|" using Ax3 Thl God def NecExist def by smt
theorem Th3: "|&(35x. G x) D O(3%y. G y)|" sledgehammer(Th2 Rsymm) |

proof -

have 1: "|(3%x. G x) D O(3%y. G y)|" using Th2 by blast

have 2: "| (3. G x) D ©0(3%y. G y)|" using 1 by blast

have 3: "| O(3%. G x) D O(3%y. G y)|" using 2 Rsymm by blast

?thesis by blast

odel 1

OO UL B WN -

ged

AxiomAx4;P§0 Al Oy ) DPY axiomatization where Ax4: "|P o A (¢ Dn?)) D P "

AXx4:
Properties that are necessarily implied by a
positive property are positive.

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent




odel 1

No model found!

theory GoedelVariantHOML1 imports HOMLInHOL
begin

consts PositiveProperty::"(e=o)=0c" ("P")
axiomatization where AX1: "([Po AP¢Y D P(p . )"
axiomatization where Ax2a: "[P o VEP ~p|"
definition God ("G") where "G x=Vo.Po D o x"
abbreviation Propertyinclusion (* Dy ") where "p Dy v = O(VEY. oy D v y)
definition Essence (" Ess. ") where "p Ess. x = V. v X D (¢ Dn )"
axiomatization where Ax2b: "|P D OP p|"
lemma Ax2b': "| =P ¢ D O(=P ¢)|" using Ax2a Ax2b by blast
theorem Thl: "|G x D G Ess. x|" using Ax2a Ax2b Essence_def God_def by (smt (verit))
definition NecExist ("E") where "E X = Vo. 0 Ess. x D O(3%x. © x)"
axiomatization where Ax3: "|P E|"
theorem Th2: "|G x D O(3%y. G y)|" using Ax3 Thl God def NecExist def by smt
theorem Th3: "|&(35x. G x) D O(3%y. G y)|" sledgehammer(Th2 Rsymm) |

proof -

have 1: "|(3%x. G x) D O(3%y. G y)|" using Th2 by blast

have 2: "| (3. G x) D ©0(3%y. G y)|" using 1 by blast

have 3: "| O(3%. G x) D O(3%y. G y)|" using 2 Rsymm by blast

?thesis by blast

OO UL B WN -

ged
axiomatization where Ax4: "|P o A (p Dn¢)) D P "

Consistency check with Nitpick:
... o model found ...

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent




Godel 1

Inconsistency detected
by theorem provers

The inconsistency follows via the
“empty essence lemma”:

(AX.L) Ess. x

Adapt the notion of essence?

theory GoedelVariantHOML1 imports HOMLInHOL
begin
consts PositiveProperty::"(e=o)=0c" ("P")
axiomatization where AX1: "|Ppo AP¢Y DP(p . )"
axiomatization where Ax2a: "‘P o Ve P ~p|"
definition God ("G") where "G x=Vo. Po D o x"
abbreviation Propertyinclusion (" Dn ") where "o Dy v = O(VEY. oy D v y)"
definition Essence (" Ess. ") where "; Ess. x = V. ¥ X D (@ Dn )"
axiomatization where Ax2b "IPe D OPp|"
lemma Ax2b': "| =P ¢ D O(=P ¢)|" using Ax2a Ax2b by blast
theorem Thl: "|G x D G Ess. x|" using Ax2a Ax2b Essence_def God_def by (smt (verit))
definition NecExist ("E") where "E X = Vo. o Ess. x D O(3%x. © x)"
axiomatization where Ax3: "|P E|"
theorem Th2: "|G x D O(3%y. G y)|" using Ax3 Thl God def NecExist def by smt
theorem Th3: "| (3. G x) D O(3%y. G y)|" sledgehammer(Th2 Rsymm) '
proof -
have 1: "|(3d*x. G x) D O(3%. G y)|" using Th2 by blast
have 2: "| O(3%x. G x) D ©0(3%y. G y)|" using 1 by blast
have 3: "| O(3%. G x) D O(3%y. G y)|" using 2 Rsymm by blast
?thesis by blast

OO UL B WN -

qged
axiomatization uhere Ax4 "IP o A (p Dn ,.) 5P "l"

lemma EmptyEssL: "|(Ay. 1) Ess. x|" using Essence def by auto

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent




Godel 1

Inconsistency detected
by theorem provers

The inconsistency follows via the
“empty essence lemma”:

(AX.L) Ess. x

Adapt the notion of essence?

theory GoedelVariantHOML1 imports HOMLInHOL
begin
consts PositiveProperty::"(e=o)=0c" ("P")
axiomatization where AX1: "|Ppo AP¢Y DP(p . )"
axiomatization where Ax2a: "‘P o Ve P ~p|"
definition God ("G") where "G x=Vo. Po D o x"
abbreviation Propertyinclusion (" Dn ") where "o Dy v = O(VEY. oy D v y)
definition Essence (" Ess. ") where " Ess. X = Vib. ¥ X D (¢ Dn V)"
axiomatization where Ax2b "PeDOPyp|”
lemma Ax2b': "| =P ¢ D O(=P ¢)|" using Ax2a Ax2b by blast
theorem Thl: "|G x D G Ess. x|" using Ax2a Ax2b Essence_def God_def by (smt (verit))
definition NecExist ("E") where "E X = Vo. o Ess. x D O(3%x. © x)"
axiomatization where Ax3: "|P E|"
theorem Th2: "|G x D O(3%y. G y)|" using Ax3 Thl God def NecExist def by smt
theorem Th3: "| (3. G x) D O(3%y. G y)|" sledgehammer(Th2 Rsymm) '
16 proof -
17 have 1: "|(3*x. G x) D O(3%y. G y)|" using Th2 by blast
18 have 2: "| O(3%x. G x) D ©0(3%y. G y)|" using 1 by blast
19 have 3: "| O(3%. G x) D O(3%y. G y)|" using 2 Rsymm by blast
20 1S 7thesis by blast
21] qed
22 axiomatization uhere Ax4 "[P ¢ A (p Dn :-) OP (-|"
23 |
24
125
26| proof -
27 have 1: "| =(P (Ax. 1)) |" using Ax2a Ax4 by blast
28 have 2: "|P (Ax.(Ay.1) Ess. x D 0O(3%z. (A\y.1)z)) " using Ax3 Ax4 NecExist def by smt
29 have 3: "|P (Ax.O(3%z. (Ax.1) 2))|" using 2 EmptyEssL by simp
30 have 4: "|P (Ax.01)|" using 3 by auto
31 have 5: "|P (Ax.1)|" using 4 Ax2a Ax4 by smt
32 have 6: "| L|" using 1 5 by blast

Inconsistency
33 ?thesis by blast
| qed ... proved

35|lend

OO UL B WN -

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent



Godel 1 — Results

(Positive) properties as intensional predicates
‘@ necessarily implies y/’ defined as vEx. PxX D WYX

Ax1: The conjunction of two positive properties is positive.

Ax2a: Either a property or its complement is positive.

G(od-like): x is God-like iff it possesses all positive properties.

Ess(ence): ¢ is an essence of x iff all properties of x are necessarily implied
by @.

AXx2b: Positive properties are necessarily positive.

Theorem 1: Being God-like is the essence of every God-like entity.

E(xistence): x has existence iff all essences of x are necessarily exemplified.
Ax3: E(xistence) is a positive property.

Theorem 2: If x is God-like, then God-likeness is necessarily exemplified.
Theorem 3: The possible existence of a God-like entity implies the
necessary existence of a God-like entity.

Ax4: Properties that are necessarily implied by a positive property are
positive.

These postulates are inconsistent
(already in modal logic K)
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1|theory GoedelVariantHOML2 imports HOMLInHOL ModalFilter

consts PositiveProperty::“(e=a)=-0" ("P")
axiomatization where Ax1: "IP2 AP¢Y DP(p . ¢
axiomatization where Ax2a: "|P o VEP ~p "

® ®
definition God ("G") where "G x=VY,.. Py D o X
abbreviation Propertyinclusion ("_Dn_") where " 2Dy o = Y. ©Y y)" O r I I I a I S a I O n O
(**) definition Essence (" Fss. ") where ", Ess. x =8 x g Vi 10 X N

axiomatization where Ax2b: "|Po D OP ¢|"
lemma Ax2b': *| =P o O O(=P p)|" using Ax2a Ax2b by blast

theorem Thl: "|G x D G Ess. x|" using Ax2a Ax2b Essence def God def by (smt (verit)) C
definition NecExist ("E") where "E x = V. p Ess. x D O(3%x. ¢ x)" e S I I I a I I u S r I
axiomatization where Ax3: “|PE|("

theorem Th2: "|G x D DO(3%y. G y)| using Ax3 Thl God def NecExist def by smt

theorem Th3: "|&(3%x. G x) O O(3%y. G y) | " sledgehammer{Th2 Rsymm) :
have 1: "|(d"*x. G x) D O(d-~y. G y)|" using Th2 by blast O ;
have 2: "| O(3%x. G x) D ¢0O(3%y. G y)|" using 1 by blast

have 3: "| O(35x. G x) D O(3%y. G y) " using 2 Rsymm by blast
7thesis by blast

- | £ l | Y8 =T ,‘. '.A-,-.. L= .- .;*,,

>~ Oa

abbrevuatloh “PosProps ® = Y... & » D P "

f" .
abbrevuatlon "ConjOfPropsFrom » ¢ = O(V*z. © Z & (V Dy z)" ' n r] ' ‘
axuomatlzatlon where Ax]Gpr - tpoqpro S ¢ l' A Conj ()fPro'JQFrom % (l Pl ? e S S e Ce a g e e r a I Z e

emma L: TP G usmg X1Gen od def by Smt
theorem Th4: "| ¢(3%x. G x)|" using Ax2a Ax4 L by blast

theorem Th5: "|O(3%x. G x)|" using Th3 Th4 by blast
lemma MC: "/ D 0Op " sledgehammer(Ax2a Ax2b ThS God _def Rsymm) — aXI O I I l X e I l e
proof - {fi |

have 1: "Wx.(Gxw — (VZ. Zx D O(VEz. Gz D Z z)) w)" using Ax2a Ax2b God_def by smt

have 2: "(dx. G x w)—((Q D O(V¥*z. G z D Q)) w)" using 1 by force

have 3: "(O D 0OQ) w" using 2 Th5 Rsymm by blast}

7thesis by auto
qed

lemma PosProps: "IP (A X = x)|" wusing Ax2a Ax4 by blast
lemma NegProps: "| ’!.,\“..L) A =P{Ax. x # x)|" using Ax2a Ax4 by blast
lemma UniqueEssl: "|p Ess. X Ay Ess. x D O(VEy. oy « ¢ y)|" using Essence def by smt
lemma UniqueEss2: "o Ess. X Ay Ess. x O DO(p = )" nitpick[card i=1] cops
lemma UniqueEss3: " o Ess. x O O(VEy. py Dy = x)|" using Essence_def MC by auto
lemma Monotheism: "|Gx AGy D x =y|" using Ax2a God def by smt
lemma Filter: "|Filter P|"  using Axl Ax4 MC NegProps PosProps Rsymm by smt
lemma UltraFilter: "|UFilter P|" using Ax2a Filter by smt

lemma True nitpick[satisfy,card=1,eval="|P (\Ax..l)|"] oops le| 1 | 0 CO D OCD

Fig. 7 After an appropriate modification of the definition of essence in Godel’s 1970 ontological proof, the
inconsistency revealed in Fig. 6 is avoided, and the argument can be successfully verified in modal logic S5
(indeed, as shown, only symmetry of the accessibility relation 18 actually needed)




Godel 2 — Results

‘@ necessarily implies v/ iff vE DX D Yx Generalization of Ax1: Ax1Gen

4

S "
f & _' L S Flaas " ) | W, - .
Il. . : LAY tl LJJ L'.‘ / If:--i WA ﬂ-‘_\ 'CL r l -'” .-’\

Ax1Gen: The Conjunctlonoblallmn ositive properties is positive.
Ax2a: Either a property or its complement is posmve
G(od-like): x is God-like iff it possesses all positive properties.

Ess(ence) qo IS an essence of X iff all properties of x are necessarily implied

abbreviation "PosProps ¢ = V.. ¢ o D P "
abbreviation "Con|OfPropsFrom o ¢ = O(V*z, » Z « (V0. 2
axiomatization where AxlGen: "|(PosProps ¢ A ConjOfPropsFrom o ¢

Ax1Gen expressible in third-order logic

Ax2b”03|t|ve ”properties are necessarlly positive.

Theorem 1: Being God-like is the essence of every God-like entity.

E(xistence): x has existence iff all essences of x are necessarily exemplified.

AXx3: E(xistence) is a positive property.

Theorem 2: If x is God-like, then God-likeness is necessarily exemplified. » Consistent

Theorem 3: The possible existence of a God-like entity implies the * Valid already in modal logic KB
necessary existence of a God-like entity. * Modal collapse follows

AXx4: Properties that are necessarily implied by a positive property are  Monotheism follows

positive. * P is an ultrafilter

Lemma L: God-likeness is a positive property. » Self-identity: positive property
Theorem 4: A God-like entity possibly exists. » Self-difference: non-positive prop.
Theorem 5: A God-like entity necessarily exists.
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Note: This Is a new variant



| 1 theory GoedelVariantHOML3 imports HOMLINHOL ModalFilter

consts PositiveProperty::"(e->o)=c" ("P")
axiomatization where AX1: " [P AP¢v D P (p.
axiomatization '.Jhere Ax2a: "|P o Ve P ~p|"

7 Y ® ®
definition God ("G") where "G x = V. P ¢ D o X" A
(**) abbreviation Propertylnclusion ("_DOn_") where "p Dnv = Oy . L) AgVEY. @Y y))

definition Essence ("_Ess. ") where "¢ Ess. x = V. ' x D (§
axiomatization where Ax2b: “|P» D OP /"
lemma Ax2b': "| =P ¢ D O(-P ¢)|" using Ax2a Ax2b by blast

theorem Thl: |G x D G Ess xj using Ax2a Ax2b Essence_def God_def by (smt (verit))
definition NecExist ("E") where "E x = V.. 2 Ess. x D O(3%x. » x)"

axiomatization where Ax3: "|P E|"
theorem Th2: "|G x D O(3%y. G y) | " using Ax3 Thl God def NecExist def by smt

theorem Th3: "| O(3tx. G x) D O(3 y. G y)|" sledgeham-mer(Th?. Rs;mm) | |
proof
have 1: "|(3%x. G x) D O(3%y. G y) " using Th2 by blast

have 2: "| (3%, G x) D ©0O(3%. G y)|" using 1 by blast
have 3: "| O(3%x. G x) D O(3%. G y)|" using 2 Rsymm by blast

adapted property

a)uomatlzatlon where Axd: "[P > A D) D P YY"
& r S '- n )I(' ‘-' : 18 - _|" .-»:f'. | ' . T = '. < d L - AR AR Sortmangn e SR

== STy

abbrevnatloh "Pqump ‘.;'v-; - DF

. X ® ® ®
TEe  — | Inclusion and generalize
axmmatlzatlon ’JI]PIPAX]()PH . (Po';Pro qfl' A(on OfProqurom 0 D) Pl o \'

< _
'

emma L: ' G|" using AxlGen God Gef by (smt (Verit)

theorem Th4: “| (35 G x)|" rIe(lgehammer['umcout—200](Ax2a L Ax1Gen) sorry
theorem Th5: "|O(3tx. G x)|" using Th3 Th4 by blast X I m X n
lemma MC: "l D 0Op|" sledgehammer(Ax2a Ax2b Th5 God_def Rsymm) |

proof - {
have 1: "WxX(C xw — (VZ. Zx D OV z. Gz D Z z)) w)" using Ax2a Ax2b God _def by smt
have 2: "(3x. G x w)—((Q D O(VEz. G z D Q)) w)" using 1 by force
have 3: "(OQ D 0Q) w" using 2 Th5 Rsymm by blast}
7thesis by auto
ged
lemma PosProps: TPIACT) A P(AX, x = x)|"  using Ax2a Ax4 L Thd by smt
lemma NegProps: "| =P(Ax. L) A =P(Ax. X 3# x)|" using Ax2a Ax4 L Th4d by smt
lemma UniqueEssl: "|p Ess. X A v E-_:. XD 0OViy. oy += 1Y y)|" oops
lemma UniqueEss2: "|pEsS. X AvESS. XD Oy =1 ) " oops | C
lemma UniqueEss3: "|p Ess. x D O(Vey. ¢y Dy =Xx)|" using Essence def MC by outo
lemma Monotheism: "|Gx AGy D x =y|" using Ax2a God_def by smt
lemma Filter: "|Filter P|" wusing Ax1 Ax4 MC NegProps PosProps Rsymm by smt
lemma UltraFilter: "|UFilter P|" using Ax2a Filter by smt
lemma True nitpick[satisfy,card=1,eval=" P (Ax.T)|"] oops | of . g m :) Oqﬂ

Fig. 8 Afler an appropriate modification ol the notion of necessary property inclusion in Godel’s 1970
ontological proof, the inconsistency revealed in Fig. 6 1s avoided, and the argument can be success(ully
verified in modal logic S5 (indeed, as shown, only symmetry of the accessibility relation is actually needed)




( i °2 d I 3 R | .t “Teufel = ... (leere Menge)” (Max lll, S. 47)
o e e S u S “Bemerkung: Die leere Menge (der leere Raum) ist ein Amphibium

zwischen Nichts und Etwas.” (Max Ill, S. 85)

‘@ necessarily implies y/ iff vEx. @ FAx. L Apx D yx 4—— The empty set now no longer
Implies any other properties!

Ax1Gen: The Conjunctlon'rlalaposmve properties is positive.
Ax2a: Either a property or its complement is positive.
G(od-like): x is God-like iff it possesses all positive properties.

Ess(ence): @ is an essence of x iff all properties of x are necessarily plied

by @.
AXx2b: Positive properties are necessarily positive.
Theorem 1: Being God-like is the essence of every God-like entity.

E(xistence): x has existence iff all essences of x are necessarily exemplified.

Ax3: E(xistence) is a positive property.

Theorem 2: If x is God-like, then God-likeness is necessarily exemplified. » Consistent

Theorem 3: The possible existence of a God-like entity implies the  Valid already in modal logic KB
necessary existence of a God-like entity.  Modal collapse follows

AXx4: Properties that are necessarily implied by a positive property are  Monotheism follows

positive. * P is an ultrafilter

Lemma L: God-likeness is a positive property. o Self-identity: positive property
Theorem 4: A God-like entity possibly exists. » Self-difference: non-positive prop.
Theorem 5: A God-like entity necessarily exists.




( i d I 3 R | .t “Teufel = ... (leere Menge)” (Max lll, S. 47)
e e S u S “Bemerkung: Die leere Menge (der leere Raum) ist ein Amphibium

zwischen Nichts und Etwas.” (Max lll, S. 85)

Implies any other properties!

Simplified Variant of Godel's Ontological Argument

explored through systematic simplification experiments with a modern higher-order theorem proving technology

Simpliiicd Axioms Further Findings Trivialising simplifications — how
Al'(C1): Self-difference (empty property) 1s not a positive property. ¢ Consistent (model finder Nitpick: one world, one Godlike bein; I also produced -them — gre

A2 (C2): A property 1S p()\]u\,(, if 1t 18 entailed bv a pOSlllVL property. * Modal collapse not implied (countermodel by Nitpick: two . . . .
possible worlds 11 and 12 and with one Godlike entity ¢; 1l and 12 belng ellmlnated thIS Way

A3: Bemng Godlike 1s a positive property.* ‘ - Ny . , _ .
are reachable from 12, but only 11 can be reached from 11; there 1s

(Modal logic K: Necessitation rule N, distribution axiom K) \on-positive property ¢ which holds for ¢ in i2 but not in il)

But also the attempt to prove that the existence of a Godlike being
is possible fails (countermodel by Nitpick: single world with n(

Single Definition/Shorthand:

other world reachable)

D1: An entity x is Godlike if it possesses all positive properties. Way out: we simply postulate the additional modal axiom T (whal

DOEESSELLY RAS, (NS MK Kralr. WIS KIS & PORSSNE) Symbolic Al and Gédel's Ontological
Simplified Argument (mainly non-modal, except for last step; note also that D1 1s not used) Argument. Zygon 57(4):953-962.
|.1: The existence of a non-exemplified positive property implics that self-difference (resp. the empty property) i1s positive. Doi: 10.111 1/Zy90-1 2830

(from A2', since such a non-exemplified positive property would entail self-difference (p entails q: for all x, p(x) imphes g(x))

[.2: A non-exemplified positive property does not exist. rom Al' and the contrapositive of LL1)

A Simplified Variant of Godel’s Ontological
Argument. In: A. Vestrucci (ed.), Beyond
Babel: Religions and Linguistic Pluralism.

| 3: NCCCSS'dI'ily. there exists a Godlike bcing. (from 14, l"}' necessitation) DO| -1 0-1 007/978_3_031 _421 27_3 -1 9

['l": Positive properties are exemplified. (reformulation of L2

}: There exists a Godlike being. (from A3, Tl

¢ * Alternatively, we may postulate A3": The conjunction of any collection of positive properties is positive; then we prove A3 from A3' and D1




CTeYe [=) IV Godel 3

Summary Summary

requires the generalized axiom Ax1Gen requires the generalized axiom Ax1Gen

modified: essence modified: property inclusion

no existential import no existential import
consistent consistent

possible and necessary existence of G possible and necessary existence of G
verified already in logic KB verified already in logic KB
derived results: derived results:

- modal collapse - modal collapse

- monotheism - monotheism

- P is an ultrafilter - P is an ultrafilter

Changing the quantifiers for entities from
‘'varying-domain’ to ‘constant-domain’? —> results reconfirmed




And the Devil?

*Namlich, um ein Ding {a} zu erkennen, muss ich haben: 1.) gewisse
fundamentale Zuordnungen geW|sser empirischer Dinge (vielleicht
beginnen mit :

S (Max lll, S. 47)

Bem<erkung> (Theol<ogie>). Die vollkommen klare Erkenntnis des
{vollkommen} Bosen, dass er seine Absicht nie erreichen kann,

bedeutet seinen Tod. (Max IX, S. 36)



Aﬂd the Devil? . Val’iaﬂt 1 (Credits to Chad Brown)

X 1S a Deuvil iff
' 1ltheory TherelsNoEvill imports GoedelVariantHOML?2 X pOSS@SSGS a”

2]l begin

3| definition Evil ("Evil") where "Evil X = Vo. =P » D © x" nOn-pOSitive

' 4] theorem NecNokEvil: "|0O(=(3%x. Evil x))|" sledgehammer(Ax2a Ax4 Evil def)
proof - '
have "|-P(\y.l)|" using Ax2a Ax4 by blast prOpertleS
hence "|(V&x. Evil x D (Ay.l1) x)|" using Evil_def by auto ]
hence "[(VEx. Evil x D 1)|" by auto AXioms as before
hence "|(3d%x. Evil x) D L1|" by auto
hence "|-(3x. Evil x)|" by blast
7thesis by blast

| ged
113|end . .
Necessarily, no Devil
Fig. 10 Importing Godel’s modified axioms from Fig. 7 we can prove that necessarily there exists no entity :
that possesses all non-positive (=negative) properties exists.
1ltheory TherelsNoEvil2 imports GoedelVariantHOML3
begin
3] definition Evil ("Evil") where "Evil x=Vo. =Py D o X' .
. 4] theorem NecNoEvil: "| O(=(3x. Evil x))|" sledgehammer(Ax1Gen Ax2a Evil _def) oops AISO COanrmed fOr

Godel 3

Fig. 11 Importing Godel’s modified axioms from Fig. 8 we can prove that necessarily there exists no entity
that possesses all non-positive (=negative) properties




And the Devil? — Variant 2 (Scott

0O~ D B WN

theory EvilDerivable imports HOMLinHOL ModalFilter

begin
consts PositiveProperty::“(e=o)=a" ("P")
definition Evil ("Evil") where "EVil X = Vo, =P o D o x"
definition Essence ("_Ess. ") where " Ess. x sX A(VO. v x D O(VEY. oy DuUy))
definition NecExist ("E") where "E x = V.. ¢ Ess. x D O(3%x. © x)"
axiomatization where Al: "| =P ¢ & P ~p|"
axiomatization where A2: "|=-P o A O(VEy. oy Dy y) D =P |
axiomatization where A4: "| =P Evil|"
axiomatization where A3: "|-P ¢ D O (P ¢)|"
axiomatization where A5: "|-P E|"
lemma True nitpick[satisfy,card i=1,eval="|P (Ax.1)|",eval="|P (Ax.T)|"] oops
theorem T1: "| =P ¢ O O(3%x. ¢ x)|" using Al A2 by blast
theorem T2: "| O(3%x. Evil x)|" using A4 T1 by blast
theorem T3: "|Evil X D Evil Ess. x|" using Al A3 Essence_def Evil_def by (smt (verit, best))
theorem T4: "| O(35x. Evil x) D O(3%. Evil y)|" using A5 Evil def NecExist def Rsymm T3 by smt
theorem T5: "|0O(3%x. Evil x)|" wusing T2 T4 by presburger
lemma MC: "l D Opl|" sledgehammer(Al A3 T5 Evil def Rsymm) oops —
lemma PosProps: "IP(AX.L) A P(AX. X #£ x)|" using Al A2 by blast
lemma NegProps: "| =P(Ax. T) A =P(Ax. x = x)|" wusing Al A2 by blast
lemma UniqueEssl: "|pEss. x Ay Ess. x D O(VEy. ¢y « ¢ y)|" using Essence_def by smt
lemma UniqueEss2: "|p Ess. X Ay Ess. X D O(p = ¢)|" nitpick[card i=2] oops |
lemma Monoevilism: "|EVil X AEvily D X =y|" using Al Evil def by smt
lemma Filter: “|Filter (A ». =P )|" wusing Al Evil def Rsymm T1 T5 by (smt (verit, best))
lemma UltraFilter: " UFilter (A 2. =P ) |" using Filter Al by blast

end

Fig. 20 The necessary existence ol an Evil-like entity proved [rom (controversially) modified assumptions

X Is a Devil iff X possesses all
non-positive properties

Mirroring of all axioms (Scott)
for non-positive properties

Necessarily, there exists
a Deuvill

But: The properties of this Devil are absolutely identical to the properties of
Godel’s God-like entity!




Godel’s scriptum variant (1970) and
mathematical realism

God = (maximally) infinite/unfathomable?

Bem<erkung> (Phil<osophie>). Wenn man die Objekte der Mat<hematik> als durch den
Geist konstruiert ansieht, bringt man notwendig ein zeitlich<es> Element hinein.

(Max IX, S. 45)

(Max IIl, S. 47)

Bem<erkung> (Gr<undlagen>). Ist das universelle ,Alle‘ begrifflich friher [d. h. zum Ver-
standnis notwendig] des Speziellen, zum Beispiel: alle Zahlen? Es scheint nicht, sondern

man lernt das Alle sogar an endlichen Beispielen [z. B.: alle Spielsteine auf diesem Tisch]
und erreicht das universelle <Alle> Uberhaupt niemals. (Max IX, S. 22)



odel 2 — as a starting point ...

lltheory GoedelVariantHOML2 imports HOMLINHOL ModalFilter ChurchTTinHOML
begin
cansts PasitivePraperty::“(e=a)=-7" ("P")
axiomatization where "IP@ AP DP(p.3)|"
axiomatization where "|P@ VEP ~p]’
definition God ("G") where "GX=Vyp.P¢e Dyx"
abbreviation Propertyinclusion ("_Dn_ ") where "o Du iy = OVFy. oy Dy
definition Essence (" Ess. ") where "pEss. x=px A(Vid. ¥ x D (g Dni))"
axiomatization where Ax2b: “|P¢ D OP¢ "
lemma AX2b's *| =P ¢ D O(=P p)|" sing Ax2a Ax2b by blas
theorem Th1l:"|G x DG Ess. x| using Ax2a Ax2b Essence_def God_def by (smt (verit))
definition NecExist ("E") where "Ex =Vp. pEss. x D O(3Ex. ¢ x)"
axiomatization where Ax3:"|PE|"
theorem Th2: “|G x D O(3ty. G y) " using Ax3 Thl God_def NecExist_def by smt
thearem Th3: " | O(3™. G x) D O(IFy. Gy)|" by (metis Th2 Rsymm)
axiomatization where Axd:"|P @ Alp D) DP "
lemma True nitpick[satisfy,card=1,eval="|P (Ax.1)|"] cops —<«One model found of cardinality one>
abbreviation "CollOfPosProps ® = V. ® p» D P "
abbreviation "ConjOfPropsFram - ® = O(VFfz. 0oz & (Vip. & 12 D i 2))"

O 00 N O U & W N

e el e e e T T B = I
O 00 NO U & WN = O

20] axiomatization where Ax1Gen: "|(CollOfPosProps @ A ConjOfPropsFrom » ®) D P "
lemma L: *|P G|’ using Ax1Gen God def by (smt (verit))

theorem Th4: " | O(I™X. G x) " using Ax2a Ax4 L by blast

thearem Th5: " | O(3%. G x) " using Th3 Th4 by blast

lemma MC: "|p D Og|" —<Proof found with sledgehammer>

N N NN
W N =

proof - {fixw fix Q
have 1: "¥.(Gxw » (VZ.Zx D O(Vz. Gz DZ2z)) w)" using Ax2a Ax2b God_def by smt
have 2: "(X. Gx w)—((Q D O(V™2. G z D Q)) w)" using 1 by force
have 3: "(Q D 0OQ) w" using 2 Th5 Rsymm by blast}
thus ?thesis by auto ged
lemma PosProps: “|P (AX.T) A P (AX. Xx =x)|" using Ax2a Ax4 by blas
lemma NegPraps: " —P(Ax. L) A =P(Ax. x % x)|" using Ax2a Ax4 by blast
lemma UniqueEssl: "| o Ess. x A Ess. x D O(VEy. oy += o y)|" using Essence def by smt
lemma UniqueEss2: "|¢ Ess. X A Ess. x D O(¢g =) " nitpick[card i=1] cops —<«Countermode| found
lemma Monotheism: "|GX AGyYy D X =y|" using Ax2a God_def by smt
lemma Filter: *|Filter P |" using Ax1 Ax4 MC NegProps PosProps Rsymm by smt
lemma UltraFilter: "| UFilter P|" using Ax2a Filter by smt
lemma True nitpick[satisfy,user axioms,card=1,eval="|P (Ax.1)|"] oops —<«One model found of cardinality one»

W W w NN NN N
N 2 © O 0 O U»



Godel 2 — plus mathematical obJectS

Assumption: The objects of mathematics
‘exist’ (e.g. natural numbers n, Peano
axioms).

Predicates: Ax.x =nand Ax.x #n

Implications for the cardinality of the positive
properties P:

P is infinite

P is uncountably infinite

Claim (verification is further work):

If we again assume such properties to exist,
then the generalized axiom Ax1Gen forces the
cardinality of P into the maximally infinite

On the maximality of positive properties and modal collapse in variants of Gédel’s
ontological proof of God
Cordelia Mihlenbeck, Christoph Benzmuller - Logic and Logical Philosophy, 1-21

DOIL -~

On Absolute Infinity and Modal Collapse in Gédel’s Ontological Proof
Cordelia Muhlenbeck, Christoph Benzmuller - Logic, Knowledge, and Tradition: £ssays in Honaor of
Srecko Kovac-

Assuming 2 different entities leads to 2 different positive prop: » assuming 3 leads to 4, etc.
Iemma H: "|P Ae. Tn A (P (Ae. e=a) V P (Xe. e#3)) |" using Posl’ropg Ax2a by auto
lemma PP2: assumes "|J(a::e) b. a #b|" shows "|dpq. p#£g AP p AP q|" by (smt (verit, del insts) H assms)
lemma PP4: assumes "|J(a::e)bc.a #b Aa #c Ab #c|"

shows "|3pqgrs oaéq A p#Er A c»;éf A QsEr /\qy’:J Ar#s APp APqQAPTr APs|" by (smt (verit, del_insts) H assms)

—<Assuming infinitely y different entities leads to at least 2, 4, eftc., many different positive properties

Iemma PP2': assumes " Inf0|" shows "|3p q. (p;éq) APp APQq)|" by (metis (lifting) Ax2a InfO def PosProps assms)
lemma PP4': assumes " | InfO|" shows "|3p qrs. pAQARPATARPF#S AQF#ET AQF#ESAT #£SAP pAP gAP rAP s|"
proof - have "|Inf0| = | Jp::e. 3g::e. Ar::e. p#£q A p#r A g#r|" unfolding InfO_def apply simp by metis
thus ?thesis using PP4 assms by blast qed

—<Theorem Metalnf: infinitely many different entities lead to infinitely many positive properties: proof at meta-level.>
ly proved lemmata are not shown here.> (#{{{ #) [9 lines]
Iemma Metalnf: "|InfO| = infinite |UNIV e set)"” (*{{{ *) [6 lines]
Topelemma IanosSet a: "infinite (UNIV e set) — infinite (/7 w)" (*{{{ *) [5 lines]

— arious definitions and automatica

lemma® MrPesgit, b: ©Inf0| — infinite (T ysing InfPosSet a Metalnf by blast (*{{{ *) [6 lines]
theorem InfPOsSet 'cassumersl' \I| so_;_'fﬂlmvn'( P)|"§py (metis Finite_def InfPosSet_b Nat_finite assms)

CantorArgument: Assuming Infinitely many ditferent entities leads to uncountably many different positive propertic

1 P intion "G (f--nat:e) = (Ax::e. if x € range f then f (Suc (inv f x)) else x)*"

definitTow "En (f::nat=e) s = (A(B::e=bool) (x::e) (uzi). x =f0V (dy. sy =x AB y))"
deflnltlon "D¥ wnat—e) s (w:i) = (Axe.  if F x (f 0) wthen - F x (s x) w else F x (s x) w)"
lemma Inf_inj: " Info w1 :nat=-€e. inj I using Metalnf infinite_countable_subset by blast
lemma EncO: "Enc fs B uf d) 1 STT mg [—nc _def by simp
lemma EncS: "inj f — |Encf(Sbe )W—By)"

by (smt Enc def S def inj_Suc mv_f_f inv_int v_ﬁ mjective nat. dlstmcl rangel)

=1" [8]9) where "Jix. ©(x] = (Ix. ¥(x) A (Vz. ©{2) D (2 = x)))"
defmmon _qumo\le'w - ( p::‘; ra, AQidbre. (TS (M. pXDQs XN AYY. gy D (Tix.pX Ay =
5] definition "Cardinalily = (Ap::'"b=a. EQ le')llenl p)’
5| definition "Cardina NLmh 'S —n\u H(('b=>a)=2) . (Ipi:'b=>0). (J = (Equlpcllent )"
definition "Inf0 Ire=e=na. VX y 2. d:l W. I X w) A =irx x) Alrxy D(ryz>rxz)))"
definition "Infl = Iniie=e. AMile=a. (Y. M X XA (u.nu A —~h u)) A (Eculpollent n m)*

9 definition "InfZ2 — dn:.e= ‘l.:.L:i nu '\ {\'< n x ')l ( X )1\ \"x n x ‘)( )U) A(Vxy.(nx AnyAsx=5y) D x=y)"
finitlons breviations for modal ! N ‘ mbers O . inalysakle ol (5 [ [J x
named thearems Nat
definition Z2ro ("0") where [Nat]: '0= ((wm) (Ax. 1L)}"
definition Succ ("5S") where [Nat]: "S=(An Ap. (I px A (AL (B x) Ap )"
definition Naturals ("N") where [Nat]: '"W=(\n.(Yp.(p0A(V.pxDpIiSx¥)) Dpn))"

definition Finite (“Ju.t2") where [Nat]: "Fuile = (Ap. (IAn. N n AN pN"




Personal conclusion
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9 Eunx = (y) [y | ontological argument.

| also share the view of e.q.

Kovac and Muhlenbeck (and others)
that Godel did not merely accept
the modal collapse, but intended it.

Investigating Godel’s “universal set”
(maximal infinity) is fascinating further
work (type vs. set theory).
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