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Introductory Remarks 
Computational Metaphysics 

Formal methods for the analysis of philosophical arguments 

Analysis of philosophical arguments using formal methods



Logic-Pluralistic Knowledge Representation and 
Reasoning

Origins: 2007-2008 (with L. Paulson)              Term LogiKEy: 2017-2019 (with L. van der Torre & X. Parent)

LogiKEy

Different modal logics: 

K, T, KB, S4, S5, etc 

Different quantifiers  

Extensional or intensional  

etc. 

flexible & negotiable



‘Exact’ methods are possible …

… far beyond the realm of mathematics!
Kurt Gödel (1906-78)

Es gibt syst<ematische> Methoden zur 
Lösung aller Probl<eme> (auch Kunst etc.).


Es gibt eine wissenschaftliche (exakte) 
Ph<ilosophie> {und Th<eologie>}, welche die 
Begriffe der höchsten Abstraktheit behandeln.

Kurt Gödel: Maximen V



Applying LogiKEy to Gödel’s modal ontological 
argument

Work that I will not address here:

•  Analysis of Scott’s variant


•  Analysis of Fitting’s variant (extensions)


•  Analysis of Anderson’s variant


•  Studies of related arguments


•  Studies of (controversially) simplified variants

2017

2017

2020

2020

2023

…
Important: In this talk we consider modal logic(s) as extension(s) of classical logic, type 
theory (Church), full comprehension, intensions of properties



Rest of this presentation is based on …

… and some further, novel insights

2026

jww:  Dana Scott

2014

2016

extended in

extended in



higher-order

modal

important!
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Overview 
• HOML in HOL 
• Scott’s variant (with PG, as we already know it) 
• Gödel’s scriptum variant (1970) 

a. Gödel1: scriptum notion of essence — inconsistency 

b. Gödel2: modified notion of essence —  

c. Gödel3: modified notion of property inclusion —   

d. No (perfect) Devil (or Devil = God) —   

• Gödel’s scriptum variant (1970) and mathematical realism                                              — God 
is (uncountably/maximally) infinite  

• Personal conclusion

□ ∃G

□ ∃G

□ ∃G

new formal studies

new variant 



LogiKEy@work  

HOML in HOL



HOML in HOL
Unimportant Isabelle/HOL parameter settings



Type i for possible worlds

Type e for individuals

Type σ := (i=>bool) for modal formulas 

Type τ := (e=>σ) for modal predicates

Constant r for the accessibility between worlds

r depending on the logic refl./trans./symm. (K, T, 
KB, S4, S5) 

HOML in HOL



Modal logic connectives  ⊥ ⊤ ¬ ∧ ∨ ⊃ ↔

HOML in HOL



Box and Diamond:  (via accessibility r)□ ◊

HOML in HOL



Primitive equality (rigid, polymorphic)

HOML in HOL



Complement & conjunction of modal properties, 
and exclusive-or 

HOML in HOL



Quantifiers (constant domains, polymorphic)

HOML in HOL



Quantifiers (varying domains, for individuals)

(x@w models the existence of x in world w)

HOML in HOL



Leibniz equality (polymorphic) 

HOML in HOL



Notion of validity for modal formulas

HOML in HOL



A mathematician would only 

look at these equations

HOML in HOL



S5 axioms:                                           valid as expected

Barcan formulas:    not valid for ’varying-dom.’ quant.

Barcan formulas:          valid for ‘constant-dom.’ quant.


Hilbert axioms and rules:                valid as expected


Existential import:     yes, for ‘constant-domain’ quant.


Existential import:    no, for ‘varying-domain’ quant.


Properties of equality:               valid as expected

                                  (except for Boolean extensionality)


Full comprehension:                           valid as expected


Modal collapse:                                              not valid


universal property = self-identity

Absurd/empty property = self-difference  

HOML in HOL: tests
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HOML in HOL: modal (ultra)filter

Set operations 

lifted to


the HOML level

Notions of filter and ultrafilter lifted to the HOML level (for varying-/constant-dom. quant.)

- contains the universal set, but not the empty set

- closed under supersets and intersection

- maximal (only for ultrafilters)



Formalisation of  
Gödel’s manuscript  

of 1970  
(scriptum notion of 
essence: Gödel1)  

— inconsistency —
Unpublished works of Kurt Gödel are Copyright Institute for Advanced Study and are used with permission. All rights reserved by Institute for Advanced Study.



Gödel 1 

Ax1: 

The conjunction of two positive properties is 

positive.

P: Positive properties (intensions)

Ax2a: 

Either a property or its complement is 

positive.



G(od-like): 

An entity x is God-like 


iff 

it possesses all positive properties.

Gödel 1 



Ess(ence): 

A property  is an essence of x 


iff 

all properties of x are necessarily implied by .

φ

φ

Gödel 1 



Ax2b: 

Positive properties are necessarily positive.

Gödel 1 



Lemma:  
Non-positive properties are necessarily 

non-positive.

Gödel 1 



Theorem 1:  
Being God-like is an essence 


of every God-like entity.

Gödel 1 



E(xistence): 

x has the property of existence


 iff 

all essences of x are necessarily exemplified.

Ax3: 

E(xistence) is a positive property.

Gödel 1 



Theorem 2:  
If x is God-like, then the property of being 

God-like is necessarily exemplified.

Gödel 1 



Logic KB (Rsymm) needed here

Theorem:  
The possible existence of a God-like entity 
implies the necessary existence of a God-

like entity.

Gödel 1 



Ax4: 

Properties that are necessarily implied by a 

positive property are positive.

Gödel 1 



No model found!

Consistency check with Nitpick:  
… no model found …

Gödel 1 



Inconsistency detected 

by theorem provers

The inconsistency follows via the 
“empty essence lemma”: 


                     (λx.⊥) Ess. x 


Inconsistency  
… proved …

Adapt the notion of essence?

Gödel 1 



Inconsistency detected 

by theorem provers

The inconsistency follows via the 
“empty essence lemma”: 


                     (λx.⊥) Ess. x 


Inconsistency  
… proved …

Adapt the notion of essence?

Gödel 1 



Gödel 1 — Results

Ax1: The conjunction of two positive properties is positive.

Ax2a: Either a property or its complement is positive.

G(od-like): x is God-like iff it possesses all positive properties.

Ess(ence):  is an essence of x iff all properties of x are necessarily implied 
by .

Ax2b: Positive properties are necessarily positive.

Theorem 1: Being God-like is the essence of every God-like entity.

E(xistence): x has existence iff all essences of x are necessarily exemplified.

Ax3: E(xistence) is a positive property.

Theorem 2: If x is God-like, then God-likeness is necessarily exemplified.

Theorem 3: The possible existence of a God-like entity implies the 
necessary existence of a God-like entity.

Ax4: Properties that are necessarily implied by a positive property are 
positive.

φ
φ

‘  necessarily implies ’ defined as φ ψ □ ∀E x . φx ⊃ ψx
(Positive) properties as intensional predicates

These postulates are inconsistent 
(already in modal logic K)



Formalisation of  
Gödel’s manuscript 

of 1970  
(adapted notion of 

essence and generalized 
axiom Ax1Gen: Gödel2)  

— proof in KB — 
φ ⊃ □ ◊φ

Unpublished works of Kurt Gödel are Copyright Institute for Advanced Study and are used with permission. All rights reserved by Institute for Advanced Study.



Formalisation of  
Gödel’s manuscript 

of 1970  
(adapted notion of 

essence and generalized 
axiom Ax1Gen: Gödel2)  

— proof in KB — 
φ ⊃ □ ◊φ



Gödel 2 — Results

Ax1Gen: The conjunction of arbitrarily many positive properties is positive.

Ax2a: Either a property or its complement is positive.

G(od-like): x is God-like iff it possesses all positive properties.

Ess(ence):  is an essence of x iff all properties of x are necessarily implied 
by  and x has property .

Ax2b: Positive properties are necessarily positive.

Theorem 1: Being God-like is the essence of every God-like entity.

E(xistence): x has existence iff all essences of x are necessarily exemplified.

Ax3: E(xistence) is a positive property.

Theorem 2: If x is God-like, then God-likeness is necessarily exemplified.

Theorem 3: The possible existence of a God-like entity implies the 
necessary existence of a God-like entity.

Ax4: Properties that are necessarily implied by a positive property are 
positive.

Lemma L: God-likeness is a positive property.

Theorem 4: A God-like entity possibly exists.

Theorem 5: A God-like entity necessarily exists.

φ
φ φ

‘  necessarily implies ’ iff φ ψ □ ∀E x . φx ⊃ ψx Generalization of Ax1: Ax1Gen

Ax1Gen expressible in third-order logic 

• Consistent

• Valid already in modal logic KB

• Modal collapse follows

• Monotheism follows

• P is an ultrafilter 
• Self-identity: positive property

• Self-difference: non-positive prop.



Note: This is a new variant

Formalisation of  
Gödel’s manuscript 

of 1970  
(adapted property 

inclusion and generalized 
axiom Ax1Gen: Gödel3)  

— proof in KB — 
φ ⊃ □ ◊φ

Unpublished works of Kurt Gödel are Copyright Institute for Advanced Study and are used with permission. All rights reserved by Institute for Advanced Study.



Formalisation of  
Gödel’s manuscript 

of 1970  
(adapted property 

inclusion and generalized 
axiom Ax1Gen: Gödel3)  

— proof in KB — 
φ ⊃ □ ◊φ



Gödel 3 — Results

Ax1Gen: The conjunction of arbitrarily many positive properties is positive.

Ax2a: Either a property or its complement is positive.

G(od-like): x is God-like iff it possesses all positive properties.

Ess(ence):  is an essence of x iff all properties of x are necessarily implied 
by .

Ax2b: Positive properties are necessarily positive.

Theorem 1: Being God-like is the essence of every God-like entity.

E(xistence): x has existence iff all essences of x are necessarily exemplified.

Ax3: E(xistence) is a positive property.

Theorem 2: If x is God-like, then God-likeness is necessarily exemplified.

Theorem 3: The possible existence of a God-like entity implies the 
necessary existence of a God-like entity.

Ax4: Properties that are necessarily implied by a positive property are 
positive.

Lemma L: God-likeness is a positive property.

Theorem 4: A God-like entity possibly exists.

Theorem 5: A God-like entity necessarily exists.

φ
φ

• Consistent

• Valid already in modal logic KB

• Modal collapse follows

• Monotheism follows

• P is an ultrafilter 
• Self-identity: positive property

• Self-difference: non-positive prop.

‘  necessarily implies ’ iff φ ψ □ ∀E x . φ ≠ λx . ⊥ ∧ φx ⊃ ψx

“Bemerkung: Die leere Menge (der leere Raum) ist ein Amphibium

zwischen Nichts und Etwas.”                                (Max III, S. 85)

“Teufel = … (leere Menge)”                                    (Max III, S. 47)

The empty set now no longer 
implies any other properties!



Gödel 3 — Results
‘  necessarily implies ’ iff φ ψ □ ∀E x . φ ≠ λx . ⊥ ∧ φx ⊃ ψx

Trivialising simplifications — how 
I also produced them — are 
being eliminated this way.

A Simplified Variant of Gödel’s Ontological 
Argument. In: A. Vestrucci (ed.), Beyond 
Babel: Religions and Linguistic Pluralism. 

Doi: 10.1007/978-3-031-42127-3_19

Symbolic AI and Gödel's Ontological 
Argument. Zygon 57(4):953–962. 

Doi: 10.1111/zygo.12830

The empty set now no longer 
implies any other properties!

“Bemerkung: Die leere Menge (der leere Raum) ist ein Amphibium

zwischen Nichts und Etwas.”                                (Max III, S. 85)

“Teufel = … (leere Menge)”                                    (Max III, S. 47)



Gödel 2                                    Gödel 3
Summary 

requires the generalized axiom Ax1Gen 
- modified: essence

- no existential import

- consistent

- possible and necessary existence of G

- verified already in logic KB

- derived results: 


- modal collapse 
- monotheism 
- P is an ultrafilter

SummarySummary 

requires the generalized axiom Ax1Gen 
- modified: property inclusion 
- no existential import 

- consistent

- possible and necessary existence of G

- verified already in logic KB

- derived results:


- modal collapse 
- monotheism 
- P is an ultrafilter

Changing the quantifiers for entities from 

‘varying-domain’ to ‘constant-domain’? —> results reconfirmed



And the Devil? 

“Nämlich, um ein Ding {a} zu erkennen, muss ich haben: 1.) gewisse 
fundamentale Zuordnungen gewisser empirischer Dinge (vielleicht 
beginnen mit Gott = Allmenge*; Teufel = ein unwiderlegbar falsches 
System* (oder leere Menge); …”                                (Max III, S. 47)

Bem<erkung> (Theol<ogie>): Die vollkommen klare Erkenntnis des 
{vollkommen} Bösen, dass er seine Absicht nie erreichen kann, 
bedeutet seinen Tod.                                                  (Max IX, S. 36)



And the Devil? — Variant 1
x is a Devil iff


x possesses all

non-positive 
properties. 

Necessarily, no Devil 
exists.

Gödel 2

Gödel 3
Also confirmed for


Gödel 3

(Credits to Chad Brown)

Axioms as before

+




But: The properties of this Devil are absolutely identical to the properties of 
Gödel’s God-like entity!

And the Devil? — Variant 2 (Scott)             

x is a Devil iff x possesses all 
non-positive properties 

Mirroring of all axioms (Scott) 

for non-positive properties

+


Necessarily, there exists 

a Devil 



Gödel’s scriptum variant (1970) and  
 mathematical realism

God = (maximally) infinite/unfathomable?

“Gott = Allmenge”                                                                                            (Max III, S. 47)

Bem<erkung> (Gr<undlagen>): Ist das universelle ‚Alle‘ begrifflich früher [d. h. zum Ver- 
ständnis notwendig] des Speziellen, zum Beispiel: alle Zahlen? Es scheint nicht, sondern 
man lernt das Alle sogar an endlichen Beispielen [z. B.: alle Spielsteine auf diesem Tisch] 
und erreicht das universelle <Alle> überhaupt niemals.                                   (Max IX, S. 22)

Bem<erkung> (Phil<osophie>): Wenn man die Objekte der Mat<hematik> als durch den

Geist konstruiert ansieht, bringt man notwendig ein zeitlich<es> Element hinein.  

                                                                                                                          (Max IX, S. 45)



Gödel 2 — as a starting point …

…



Gödel 2 — plus mathematical objects 

2026

2026

Assumption: The objects of mathematics 
‘exist’ (e.g. natural numbers n, Peano 
axioms).

Claim (verification is further work):

 if we again assume such properties to exist,
 then the generalized axiom Ax1Gen forces the
cardinality of P into the maximally infinite

…

Implications for the cardinality of the positive 
properties P:
• P is infinite

• P is uncountably infinite

Predicates:  and λx . x = n λx . x ≠ n



Personal conclusion
Gödel’s scriptum variant of 1970  

• with modified property inclusion

• taking his footnote into account

is my preferred ‘reading’ of his modal 
ontological argument.

I also share the view of e.g.

Kovač and Mühlenbeck (and others) 

that Gödel did not merely accept

the modal collapse, but intended it.


Investigating Gödel’s “universal set” 
(maximal infinity) is fascinating further 
work (type vs. set theory).

Unpublished works of Kurt Gödel are Copyright Institute for Advanced Study and are used with permission. All rights reserved by Institute for Advanced Study.
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